DOENEPAJILHOE ATEHTCTBO 110 OBPA3OBAHUIO
HAUMOHAJIBHBIN UCCJENOBATEJLCKUNA AJIEPHBIA YHUBEPCUTET
HZMU DI

B. B. BeikoB, M. B. CmoeH11eB

Kiaaccunieckne MmeToabl
pelrenns
OOBIKHOBEHHBIX

anddepeHnInaIbHBIX
ypaBHEHUI

YuyebHO-MeToAMYeCcKoe Imocodue

Mocksa 2009



VJIK 517.91(075)
BBK 22.161.657
B 95

buikoe B.B., Cmonenuyee M.B. Kiaccuueckue METOIbl pELICHUS
OOBIKHOBEHHBIX mddepeHnnanbHbIX YpaBHEHUM: VYuebHo-
MeToaudeckoe rmocooue. — M.: HUSAY MUDU, 2009. — 62 c.

Y4eOHOe mocoOKe HANKMCaHO HAa OCHOBE UTCHUS JICKIIMKA M MTPOBE/Ie-
HUSl CEMHUHAPOB B TpyMIax rymManutapHoro (akymerera MUDU u me-
XaHuko-maremaTnyeckoro akymnprera MI'Y um. M.B. JlomoHOCOBa.
ChopmynrpoBaHbl OCHOBHBIE ONpEAEICHUS U TEOPEMbI, MOIPOOHO
onucaHbl HanOoJiee Ba)KHBIE METOABI PELICHUS 3alad, JETAIBHO Pa3o-
OpaHo Oombioe KoaruecTBO MpuMepoB. 1logoOpansl 3agaun B Komuye-
CTBE, JOCTATOYHOM JJIs YIIPAKHEHUN.

IIpenHazHayeHo nns cryAeHTOB MHCTUTyTa MHHOBAIMOHHOIO Me-
HEJDKMEHTa TYMaHUTAapHOTO (aKyjIbTeTa, MOXKET ObITh HCIOJIH30BAHO
IIPENOJABATENS MU [IPU MPOBEACHUM CEMUHAPCKUX 3aHIATHM IO KypCy
BBICILIEH MaTEMAaTUKH.

PeniensenT n-p ¢us.-mar. Hayk, npodeccop A.B. Kpsues.

Pexomenoosano pedcosemom MUDU
K U30aHUIO 8 Kauecmee yueOHO-Memooudecko2o nocoous.

ISBN 978-5-7262-1183-1 © HanmoHaabHBIN HCCIIEN0BATEILCKUN
sepHbIil yauBepcuteT «MUDN», 2009.



OraBJiieHne

0 N D ULk N

10.

11.

12.

13.

ITorsTue pentenns nuhGepeHITUANBHOTO yPABHEHHS
VYpaBHeHus B UMD PEPEHITIATAX . c.
VpaBHEeHNs C PA3IEIIIONIMACT TEPEMEHHBIMA
OHOPO/IHBIE YPABHEHUS .

JluHelinbie ypaBHEeHHS .
VpaBHeHUsST B TTOJTHBIX ;m(b(bepeﬂunanax .
Warerpupyomuil MHOXKATETD .

VpaBHeHus1, He PA3PEIIEHHBIE OTHOCHTEIHHO
POU3BOIHOMN

VpaBHeHus, TOMYCKAIONIUE IOHIKEHIE MOPSIIKA
Jlunelinble OIHOPOAHBIE Y PABHEHHS

C MOCTOSHHBIMA KO UIimeHTaMu

JluHeliHble HEOAHOPOIHBIE YPABHEHUS

C MOCTOSHHBIMA KO UIimeHTaMu

JIvHeilinble OQHOPOAHBIE CHCTEMBL

C TOCTOAHHBIME KO3 pUImeHTaMI

JluHeliHble HEOTHOPOIHBIE CHCTEMBL

C MOCTOSHHBIMA KO UIimeHTaMu

© O W~

14

24
28

33
38

44

47

o7

60



1. Ilousarue pemenuns quddpepeHITUATLHOTO ypaBHEeHUS

Zudepernyuanvrvim YpasHeHuem n-ro mopsi/IKa Ha3bIBASTCH 3allUCh BUJA
F(z,y,9,-..,y™) =0, (1.1)

e (pyEKINA F' CyIMIeCTBEHHO 3aBHCUT OT TMOCIETHETO apTyMEHTA.

Jliobaa dbyukuus y, onpesenennaa Ha Hekoropom uaTepBate I C R,
MMEIOITAs HEITPEPBIBHBIE IPOU3BOJIHBIE /10 TIOPSIIKA 12 BKJIIOYHTEIHBHO U Ta-
Kasl, 9T0

F(z,y(x),y (), .y (z) =0, zel, (1.2)

Ha3bIBaETCH pewenuem mubdepenmansaoro ypasuerus (1.1).

Ha mpakTtuke Toxaectso (1.2) ucnomssyeTca njs MPOBEPKA MOy IEH-
HOI'0 KaKHM-JIHO0 MeTOI0M pelllenns. Pemenne MoxKeT OBITH IPEACTABIEHO
fIBHO 33JaHHON QyHKIMeEH, napaMeTpudecKn 3a1aHHol DYHKIHeH 1 HesB-
HO 3a/1anHol byHKUHEH.

PaceMoTpuM HECKOJIBKO TPUMEDOB, B KAYKJIOM U3 KOTOPBIX OYIEM M0JIb-
30BaTbCS ONPE/IEJIEHUEM PelTeHust TudhePeHITHATEHOTO YPABHEHUS U TEX-
HUKON HAXOKJICHUS MPOU3BOIHBIX.

1.1. Pynxuyua, 3600HHAS AGHO

Huist paboTel ¢ gBHO 3a7aunoil dyHKUMeH TpebyeTca 3HaHHEe TAOJIMIIBI
MPOU3BOIHBIX W MIPABUJIO HAXOXKICHUS TPOUIBOTHON cNOXKHON (hyHKUIUH,
KOTOPOE 3aKJII0YaeTCs B cienyromem: eciu GbyHknud y = f(x) umeer mpo-
W3BOZHYIO B TOUKE g, a dpyukmas z = g(y) — B Toure y9 = f(zo), TO
cnoxuas dyukuma z = p(z) = g(f(z)) Taxke mMeeT NPOUBOIHYIO B
TOYKE T, TPAIEM

¢'(z0) = g'(yo) f' (20)-
ITIpumep 1. IIpoBepurs, gpaseTcs Ju OYHKIHT
y=(z+1+22)°
penrenreM avpepeHInaabHOrO YPABHEHHST
(1+2%)y" +zy — 100y = 0.

Haiigem y' n y'':

10\’
y’—((m+ 1+2?) > -
210(:U+\/1+7)9(;v+ 1+x2>/:
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0 1
:10<x+ 1+m2> (1+—2:c>
21 + 22

10
—10(;v+ 1+:r;2)9 Vi+a2+z _10(m+\/1+m2)
V14 22 V1422 '

10\’ 1
y”:lO((m—i— 1+:1:2) >—W_
10 (2 + 1+x2)10(\/1+7)' L _

1+ 22
:1010(:L'+\/1+—w2)1O 1
V14 22 V14 22
10 T 1
~10(z + V1 + 22) Vi ke
_10(z+V1+2?)0 <10_ z )
14 22 V1+tz2) '

Ioacrasum y, ¥’ u y” B nanHOE ypaBHEHUe:

(1+2*)10 (z + V14 x2)10 <10 x )+

15 a2 it
10

10 +v1+z2 10

L0z ) —100(;c+ 1+x2> =
V1+ 22

10( 11 22) (10 i z 10) =0
= T+ —i—m) - + - =0.

< Vitaz?  V1+a? >

Tonyuamna Troxaecrso 0 = 0. CirenoBareabHO, faHHAS PYHKINAA ABISECTCA
pelIeHreM JAHHOIO yPABHEHUSL.

1.2. Pynxuyua, 360aHHAS NAPAMEMPUECKU

ITycre byakumn z = z(t) my = y(t) onpenesens: n quddepeHInpyeMst
Ha HekoTopoMm muETepBase I, mpraem z'(t) # 0. Torma dbysrupa z = z(t)
umeer nuddeperHnupyeMyo obpatayo t = t(z), © € J, a z(t) u y(t) ua-
paMeTpPUYECKU 3a7a0T Ha wHTepBase J muddepenimpyemyoo GyHKINO
y = f(z) = y(¢(x)), npomssomras koTopoit MOXKeT GBITL Halinema 1o dop-
MyJIe o

’ Yyt

ITocnennaroo dopMyay 9acTo KPAaTKO 3aICHIBAIOT B BUIE

/
g U
x = "

Tt

5

(1.3)




Ecmm z(t) m y(t) umeroT mpom3BOAHBIE MOPSIKA k, TO TAPAMETPUIECKH
sasanHas QYHKIUA — Toxke. [locienyronue npoussoaube QYHKIMK f Ha-
xopaTea myTem auddeperiuposanns Toxaectsa (1.3).

IIpumep 2. Ilposepurh, gBAfETCA JH NTAPAMETPUYECKH 38 aHHAM
byekmua z(t) = 3 + ¢, y(t) = 3¢* + 142 + 1 pemennem nudepentn-
anbHOTO ypasHerus y” (14 3(y')?) = 1.

Haiimem y), u y/l

;o y (Gt 341 334t

oz (B4t 32
oo Wy _ (34t 1
Yoo = T T \32 1) 32+1

B4 (32 +1) — (3 + (32 +1)

(32 +1)2(312 +1)
(982 +1)(3t2 +1) — (3t* +1)6t

(3t2+1)3
27t + 1262 +1 - 18t* — 612 9t* + 62+ 1
- (32 +1)3 INCCEN A
(324121

(32 4+1)3 32417

IoxcraBum ¥, u Yy, B naEEOE ypaBHEHHE:

1 13 + )2
1+3(3 +t) -
3241 (3t2 +1)2

(32 +1)2 +3(3t3 4 1)2 L
N (3t2+1)3 N
9t 4612 + 14 3(9t° + 6t* +12) — (32 +1)°
N (3t2 +1)3 N
Honyuunu roxxaecrso 0 = 0. CaenoBarenbHo, nanHast HYyHKINA gBASETCS
pellleHreM JJAHHOTO YPABHEHUS.
1.3. Pynxuyua, 3a0anHast HEABHO
IIycre dbyukuusa F 33/aHa U MMEET HEIPEPBHIBHBIE TPOU3BOIHBIE JI0
nopsazaka k > 1 BKIIOYHTETRHO B HEKOTOPOH OKPECTHOCTH TOUKH (Zg, Yo ),
upuaem F(zo,y0) = 0 u Fy (20, 0) # 0.
Torma maifinyrcs takue oxpectHoctn I, 3 xo U I, 3 yo ¥ Takas k pas
muddepernmupyeman Gyskuuda f: I, — I, 1to

Fz,yy=0oy=f(z) mpnzel,uyecl,.

0.
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B sTom cnmyuae rosopaT, uro y = f(z) HesSBHO 3aJjaHA ypaBHEHHEM

F(z,y) =0.

IpowzeomHAS HEABHO 3aIaHHON (DYHKIMHU HAX0auTCd Mo (hpopMyie
Fl{z, f(z
f'(z) = —7,( @), (1.4)
Fy(z, ()

KOTOpas He TpebyeT CIENUAJbHOINO 3AIOMUHAHMWS, TAK KaK II0JIy4aercs
muddepermmposaanem (o x) Toxaecrsa F(z, f(z)) = 0. [locnenyomue
npou3sBoHble MYHKINHE f HAXOAATCA myTeM mudhepeHITMPOBAHNA TOXK e~
crea (1.4).

IIpumep 3. Ilpoepurh, SBAAETCH M HEABHO 3aJaHHas (YHKUHSA
y— Alny — 2 — B=0 (A, B — gonacranTer) pemeanem quddepennnas-
soro ypaererus yy” — (y' )% + (v')® = 0.

Haiigem ¢’ u v’ (y = y(z)):

1
(y—Alny—z—-B), =0y - A-y - 1=0«
Y

A

v (v N Y- A-yw Jy-A-y
y_(y—A>x_ (w—A42  (y-A4p2

Ay’ Ay

(y—A4)2 (y—A)?*

IMoxcrasum y, ' u ¥y’ B naEHOE ypaBHEHHE:

Ay y? y?
yi- 3]~ z T 3
(y—A) (y—4)?% (y-4)
o Ay2 B y2 N y3 B
(y—A»¥ (y—A42 (y—A?
_ A -y - A4y A -+ Ay
(y— A (y— A)3 '

Honyuunu roxaecrso 0 = 0. CaenoBaresnbHo, faHHast DYHKINA gBISETCS
peleHueM JaHHOT'O ypaBHEHUS.




2. VYpasHeHusa B nuddepeHnuaiax

Vpasuenuem 6 duddeperyuanal HASHIBAETCH YPABHEHHUE BUIA
M(z,y)dx + N(z,y) dy =0, (2.1)

rie dbyuxkuuu M u N onpesesieHbl U HeNPePbIBHBI B HEKOTOPOH 0bacTn
D C R? u He obpamarorcs B HyJIb 0JTHOBPEMEHHO.

Pewennem ypaBuerusa B gudpdepeHnnanax HA3BIBACTCH TaKasd KPUBas
T € D, sanannas ypasaeruem F'(z,y) = 0, 9T0 BBIOTHEHBI YCIOBHS:

1. ®ysruma F mmeeT HENPepPBHIBHBIE YACTHBIE MPOU3BOIHBIE %—i(x,y),
%—5(1}, y), KOTOpHBIE B TOUKax kpukoti [ He 06pammarTcs B HyTh OHO-

BPEMEHHO;
2. M(z,y)- %—z(x,y) — N(z,y)- % (z,y) = 0 Bo Beex ToUKax KpHBOLL .

TeoMeTpUIECKH 9TO O3HAYAET, YTO KACATeJbHas K KpuBoil [T B Kaxk1oil ee
Touke (Z,y) UMEeT HATIpABJIEHUE, 33/[ABAEMOE BEKTOPOM C KOOPAWHATAMHA
(M(z,y), N(z,y)).

Crst3an Mexxay ypasHeHmeM Brja (2.1) m pacCMOTDEHHBIM DaHee ypas-
HeHHEM Bra ¥ = f(x,y) 3aKI0YaeTCA B CIEAYIOMEM.

1) Ecm dbyukuua ¢: I — R gBaserca pemennem ypaBHeHus (HAIOM-

HAM, 9TO 3’ — %)

M(z,y)

! 3
y = 0Y 2.2

Ne.w) 22

TO ee rpaduk
F‘P = {(:z:,y) | zel, y= 30('7:)}7

3asaBaeMblit ypasHeHmeM y — @(x) = (, ABISETCA peleHneM ypaBHe-

mus (2.1).

2) Ecim kpuwBas I’ gaensierca pemennem ypasaenns (2.1) m mmeer B
rouke (2g,yo) € [ HEBePTHKATBHYIO KACATENBHYIO, TO CYLIECTBYET TaKasi
okpectHOCTh U 9T0M ToukH, 4To MHOKecTBO ['NU ecTh rpaduk HEKOTOPOIH
dbyuxkuun y = (z), apagomeiica pemennem ypasaernus (2.2).

3) AHamOrHYHO, B HEKOTOPOI OKPECTHOCTH TOYKH, B KOTOPOH KACATE -
Has HErOPHW3OHTANBHA, pemenne ypasaerus (2.1) npegcrasiasgeT coboit rpa-
dbux Hexkoropoit hyuxuuu z = ¥(y), FBAAIOMEACT DelleHneM yPABHEHHS

Ny

M(z,y)’

’ dz
rame r = .
pat dy



OnHako, KaK BUIHO H3 NPHBEICHHOIO HEXKE IIPUMEPA, YPABHEHUE BH-
7a (2.1) MOXKeT HMeTh B KAYECTBE PENEHWH KPHBLIE, HE ABJIIONMECH (B
nesom) rpadukamu GyHKImi y = o(z) wim z = ¥(y).

ITpumep 1. IIpoeepum, uro npu Beakom C' > 0 kpusasi, 3a1aHHAs
ypasrerueM x> + y? — C = 0, gpaserca perreHneM ypaBHeHHS

zdxr+ydy =0.
JeficTBUTEIbHO, YaCTHBIE TPOU3BO/IHBIE
2 2 2 2
0 +y" = C) _y, , @+ -0) o
Oz Oy

HENPEPHIBHEI U 0GPAINAIOTC B HYJIh OMHOBPEMEHHO TOIbKO B Touke (0,0),
KOTOpas He yIOBJIETBOPAET ypaBHEHUI KpuBoiil. Jlasnee,

-2y —y-2x=0.

Vkazanras Kpubas IPEJCTABISET COOO OKPYKHOCTD C IEHTPOM B HATAJIE
koopymaatr. OHa He sBAZETCA TpachuKoOM Kakoi-mmubo dyHKImN y = ()
(mmm = = ¥(y)), Tak Kak nepecekaerca ¢ npamoit z = 0 (COOTBETCTBEHHO,
y = 0) B gByx Toukax. Ompako 9Ta KpuBas COAEP:KUT Tpadurn GyHKIHH
y=+VC—-—x2uy = —/C—22, z € (—/C,VC), taxxke sBasmommecs

PCIICHUAMN JAHHOI'O YPaBHEHHA.

3. ¥YpaBHeHUd C pa3ieSIAOMINMUACA ITepeMeHHbBIMI

3.1. YpasHuenuem ¢ pa3ofeasiouumMucs nNepemMerHHvmMy Ha3bBaeTCsa
YPaBHEHHE BUIA
v =f(z)g(y) (3.1)
WU BUJTA
P(z)Q(y) dz + R(x)S(y) dy = 0, (3.2)
rie Bce byuxmuu f, g, P, Q, R u S HenpepbIBHbL.
Pemenns ypaprenuii qagHOro TUIA HITYTCA CJAEAYIONAM 00Da30M.

1. Tlepenmmenm ypasrenue (3.1) B BUIE % = f(z)g9(y) n “pasmennm”
TIepEeMEHHBIE:
dy
—— = f(z)da.
9(y) )

I ypasrerns (3.2) TaHHBI MAT BEIIAIAT TAK:

P) , __SW)

R T QW)




2. IlpounrerpupyeM JIeByI0 YaCTh [IOJIy9€HHOI'O COOTHOINEHHS IO ¥, a

HPABYIO 1O T:
/;é—z) = /f(m) dx.

Tounee roBopst, mycts G(y) — Kakag-mmbo U3 TepBOOBPasHBIX DYHK-
mn 1/g(y), a F(z) — xakag-mbo u3 neppoobpasubix byakumn f(z).
Torma dopmyna

Gly)=F(z)+C, C R, (3.3)

38/10€T HESBHO PEIeHNs NCXOIHOTO ypaBHeHus. [Log 9TuM MBI BCETIa
OyIeM moHHMAaTh cieayiomee: ecau aubdepeHnnpyeMas QyHKIULD
y: I = R gna wexoroporo C' € R ymosiieTBopsieT TOXAECTBY

Gly(z))=F(z)+C,z eI,

(T e. HesBHO 3amaeTcs coorHOweHueM (3.3)), To OHA ABIAETCA Pere-
HHEM PacCMaTPHBAEMOrO yDABHEHHS.

Jnsa ypasrerns (3.2) TaHHBIE AT MOJHOCTHIO AHAJIOTHYEH.
3. Ypasaenue (3.1) umeeT eime perieHus B
Y = Yo,

e Yo — KopeHb ypasuernus ¢(y) = 0. 9Tn pemenws Gbumn “noreps-
HBI”, KOT/Ia MBI ieuin 00e 9acTh ypasHeHus Ha g(y).

o Tem ke npuanaaM ypasHeHHE (3.2) IMeeT eme perreHns BrIa
Y = Yo,

rie yo — KopeHb ypasuenua Q(y) = 0, u periesus Buga
T = =z,

rae o — Kopenb ypasrerus R(z) = 0.

®.51.") Pemurs ypasreHue zydz + (r+1)dy =0.
Paznensgem nepemenubie:

_ zdr dy

z+1  y’

*)3a a4y B3ATH U3 cBOpHUKa 3a1a4 [4].

10



WaTerpupyem JeByH0 4acThb:

_/xdx__/(:v—f—l—l)da:_ dz —/d:l:—
z+1 z+1 ) z+1 B

=lnlz+1]—z+C.

WaTerpupyemM mpaByro 4acThb:

d
/?y:ln|y|+C.

Taxum 06pa30M, PELICHHS HALIETO yPAaBHEHUS 33 AI0TCH HESIBHO COOT-
HOLICHUEM:
Injz+1| -2+ C=1Inly|, C €R.

[Torenuupys, moygaem
el +1le™ =y

801
+eC(z+1)e " =y.

Crenyrommuit mpueM GyIeT HCIOMB30BATHCE HEOAHOKPATHO B JTaJbHel-
meM. 3aMeTHM, 9TO KOHCTAaHTa €C MOMKET OBITH IPOM3BOIBHBIM MOJIOKI-
TeIBHBIM 9YHCIOM. Jlajee, Kak BUAHO w3 POPMYILI, (PYHKIHA Yy HEmpe-
PBIBHA, M HULZE He 00pallaeTcd B HyJb, [IO3TOMY 3HAK ILIOC KA MUHYC
B 9TOM COOTHOILIECHHUU BHIOUpAETCHS He NI KaXKIA0ro & OTAEJbHO, 8 CPa3y
s Beett obactu onpeneeHns. [[03ToMy MOXKHO “BKIIOYATE” 3HAK B IIPO-
HM3BOJILHYE) IIOCTOSHHYIO, KOTOPasd TakKuM 00pasoM OYIeT mpoHu3BOJBLHBIM
IIOJOXKUTCJIBHBIM HJIM OTPUIQTCJIBHBIM YUCJIOM.

Wrak, noay4dmin popMyay s perrenuit

y=C(z+1)e™7, (3.4)

rme C' — nponsBoabHOE wncao He pasHoe 0. CormacHo 1m.3 paccMaTpHuBa-
eMoe ypapHeHHE mMeeT eme pemennd y = 0 u x = —1. Tlepoe u3 Hux
nosiyqaercs, ecam B dbopmyie (3.4) Bzate C = 0.

OKOHYATEJNBHO IOJIYYIaeM

y=Clz+1)e ™, CeR,
z=-1.

11



®.57. Pemmth ypasuenue 2x2yy’ + y? = 2.
Cuavajia 1epenunieM ypaBHEHUE B BU/Ie

d
2x2y—y +y2=2.
dz
3areM pa3esisieM MePEMEHHbBIE U HHTEIPUPYEM:
/ 2ydy _ [ dz
2 _ y2 - 722°

,ZLH?I BBIYHUCJICHUA HHTEIrPaJa, CTOAIIETO B JIeBOH qaCTH, BHECEM BBIDaAXKE-
HHE, CTOsAINEe B 3HAMEHATe e, Mo Jud pepeHImalr:

2ydy /d(2—y2) 5
—_ [ 82TV - C.
/2_y2 T n|2 -y +

Takum 06pazoM, nomyaaem (C' — DpoN3BONBLHAS MOCTOAHHAA)

1 1
—In2-¢}+C=-=h2-4*|+C=~-&

x x
2y =4 o2y =Ce/" o y=1+1/2— Cel/z,

31ech MBI CHOBA BKJKYAIA 3HAK (BOSHUKIIWIA B CBSA3H ¢ W3bGamBieHn-
€M OT MOIyNsA) B HNPOU3BOJBHYI IOCTOSHHYI), & 3aTEM €I yWIH, 9TO
2— 92 =0y =42 — TOXKE DEIIEHNs HAIIETO YPABHEHHsI, “IIOTEPIH-
HbIe” TIpu jesieHnn Ha 2 — 2.

@®.55. Haiitu pemenus ypapHeHUsI, yIOBIETBOPLIONINE 33JaHHOMY Ha-
YaJIbHOMY YCJIOBHIO:

y' =3Vy%, y(2)=0.
Crauasra HalineM o0y (hopMyay g perienyii, a 3areM oTbepeM perie-

HUsl, yHoBJeTBOpsomue yeaosuo y(2) = 0.
Paznmensem mepeMeHHbBIC H HHTETDHPYEM:

dy

=[dre Yy=x2+Cey=(z+0C).
/ 3y vy

Kpowme Toro, npu nenennn “norepsiin’ pemenune y = 0. fcHo, uTo 3a3/1aH-

HOMY YCJIOBHIO YAOBJIETBOPAIOT pertennd y = (z — 2)3 nuy=0.
Takum 06pa3oM, MOIy9IaeM COBOKYITHOCTD

[z @5

12



Ha mepBbIii B3rIsd KarkeTcs, 9TO 33/a49a MMeeT TOJLKO 9TH JABa pelle-
Husg. QZHAKO TO HE TaK: JIETKO YOSIUThCA, YTO peleHueM OyaeT BCAKas
dyHKIMA BUIa

($_01)3, $§017
y(m) = 0, T e [01,02],
(x—C2)%, x> 0.

Ha camom ziesie, COBOKYIHOCTE (3.5) ciielyeT NOHIMATE TaK: PElIeHUE eCTh
HempepbiBHAA (DyHKIHUS, OMPEIeaeHHas Ha O00ObeIUHEHHN MPOMEKYTKOB,
Ha KaXKJIOM M3 KOTODBIX OHA 3amaercd OTHON w3 (hOPMYT COBOKYITHOCTH.
UNmenno Taxo#t cMbica MBI U OyZeM B JaiabHeHIeM BKIAAbIBATH B 3aIUCh
periennii B BuAe CoBOKymHOCTH THA (3.5).

3.2. Jlunetnasn 3amena

VYpaBuenne BUIA,

v = flaz + by + ),

rie a, b, c — NPOU3BOJIbHBIE YUCTA, TprdeM b # 0, CBOJUTCS K YPABHEHHIO C
Pa3eIsIONIMACH TepeMeHHBIMEA. JIJIs 9TOro Hy2KHO 3aIucaTh yPaBHEHHE,
KOTOpOMY yaosJaerBopsier dbyHKung z{z) = az + by(z) + c. meem

z2(z)—az —c

y(z) = 7 (3.6)

!
orkyna ¥ (x) = % IMoxcrasasas BEIpaskenne IJId iy B HCXOTHOE YPaB-
HeHHWE W 3aMeHsig aZ + by + ¢ Ha 2z, momyanM (apryMeHT &, KaK OOBITHO
NIPY 3aMUCA yPABHEHUS, OILyCKAEM)

zZ —a

=/ e =atbf(a).

Honyuunu ypaBHEHUE C PA3IIEIIIONUMICH MEPEMEHHBIMA Ha (DYHKIUIO 2.
ITocne Toro, kak PyHKINSA 2 Hafinena, (PYHKIIAA § HAXOTUTCH U3 COOTHOIIIE-
Hug (3.6). IlpuMenenHblil HaMu IPEEM HA3BIBACTCH 3aMEHOI HEM3BECTHOM
dyaxmur. Mbl mocTOSHEO OYIEM MOIh30BATHCA UM B JAJIbHEHIITEM.

D.63. Pemur, ypasaenne y — y = 2z — 3. Iloaoxum
z(z) = y(x) + 22 — 3. Torma 2'(z) = y'(2) + 2 = y/(z) = 2'(z) — 2. Tox-
CTABJASA B UCXOJHOE yPABHEHUE, IOJLY UM

d
F 2= =240 P oy
dzx
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Paspensa nepeMeHHbIe M HHTEIPUPYSL, MOJLY IHM

/d / Z+2) =r+C&

<:>ln|z+2|—m+C<:>|z+2|—e e’

Wzbasngemca oT MOAY/Isl, 3aHOCHM 3HAK B IPOM3BOJBHYIO IMOCTOSHHYIO U
YYHTBIBAEM “TIOTePAHHOE” IIPHU JIeJIeHUU Ha 2 + 2 pelleHne 7 = —2 Kak B
mpumMepe 1:

z+2=0Ce" & 2=Ce" —

OxoHuaresbHO 1j1d QYHKIMH Y I0JIydaeM
y(z)=z(x) -2z +3=Ce" —2z+1, CeR.

Bajaqn IUIs CaMOCTOSTeBHOro perrennst: 52, 53, 57, 58, 64, 65%).
4. OpgHOpPOAHBIE YPABHEHUS

4.1. Ypasrenue suna y' = f(z,y), 3amansoe B obmactu D C R?, Ha-
3BIBAETCA 0OHOPOOHDBIM, €CU IJId BeaKoro A > 0 u3 yciosud (z,y) € D
Burrekaer (Az,Ay) € D u f(dz, \y) = f(z,y). Apyrumu cinosamu, HyHK-
mus f IOCTOSHHA BIOIH Jydell, BEIXOMANIIX 03 HAYaTa KOODIWHAT.

Vpagrenne B quddepenupanax M(x,y) de+ N(z,y) dy = 0, sanarsoe
B obnacti D C R?, HaspiBaeTca 0JHODPOIHBIM, €CJIH JJIA BCAKOTo A > 0 n3
yciosug (z,y) € D BeITekaer

Az, \y) € Du Mz, \y)N(z,y) = Nz, \y)M(z,y).

TeomeTpuyecku 3TO 03HAYAET, YTO B TOYKAX JIIOOOrO JIyda, BBIXOIAIILErO
¥3 HA4Y4J18 KOOPAMHAT, KACATEJbHBIE K KPUBBIM, SIBJISIOIIAMCS PEMIEHASTMA
YPaBHEHUsI, HMEIOT OJIHO M TO K€ HAIPABJIEHUE. YCJOBHUE OIHOPOIHOCTH
BBITIOJIHEHO, HanpuMep, eciiu M u N — OZHOPOIHBIE MHOTOWIEHBI OT &, Y
OJTHOI U TOM 2Ke CTeleHU.

IIpn mpaxTuygeckoil TpOBEPKE OTHOPOIHOCTH YPABHEHHUS JTOCTATOTHO
HOJCTABATH AZ BMECTO = U Ay BMecTo y (mpm 1oM ¥y, dx u dy He Tporaem!)
" y6eIuTHCs, YTO HMOJIyIE€HHOE YPABHEHUE PABHOCUIBHO HCXOTHOMY.

*)HoMmepa 3aJaHuil A/1s CAMOCTOSTE/IBHOIO PEUICH)S JAAHbL 10 CBOPHUKY 33134 [4].

14



OnHOpoAHbIEe YpaBHEeHHs 000MX THUIIOB CBOIATCS K YDABHEHHI) C Pa3-
JIENAOIIIMACA TTePEMEeHHBIMHA TIPA TOMOIM NOACTaHOBKA y(z) = zz(z),
x # 0. IlponemoncTpupyem 310 Ha npuMepe ypasaenus iy = f(z,y):

(z2) = f(z,22) & z + x2’ = f(z,22).

W3 ycnoBusa OnHOPOAHOCTH CJleAyeT, UTo npu = > () BRIIOJHEHO COOTHOIIE-
HUE

f(a:,mz) = f(x_lxax_lxz) = f(lvz) = gl(z)v

a nmpu & < 0 — cooTHOIIeHNE
flz,22) = f(—z 7z, —x 7 zz) = f(—1,—2) = g2(2).

Taxum obpasom, B Kaxkmoit u3 obaacreit x > 0 u © < 0 ucxomgHoe ypas-
HeHue Mpeolpa3yeTcad B ypaBHEHHE C PA3EISIONMMIUCT TE€PEMEHHBIMA
2z =gi(2)—2z,1=1,2.

Takum 06pa30M, MBI HAXO/HM 3HAYEHUE UCKOMOH (DYHKIINHU ¢ IPU BCex
x # 0, npm KOTOPBIX OHA onpejeieHa. Ecam y onpesesiena B Touke = = 0,
TO 9TO 3HAYEHHE IIOJIyIAeTCs MEPEXOIoM K mpeneiay npu & — 0 B moiy-
geHHBIX (POPMYNaxX (HATOMHEM, 9TO PEIeHne — HEMpephIBHAS (DyHKIWS ).
AnajorudHas cUTyalus UMeeT MeCTO M JJid ypaBHeHHS B mudgepennma-
J1aX, HO B 9TOM CJIy9ae B Pe3yJibTaTe MOJICTAHOBKH MOXKET OLITH OTEPIHO
pernerne x = (0, ¥ 9TO HAO OTAEJBHO TPOBEPSITH.

®.108. Pemmurs ypasrenue wy’ =y — ze¥/.
Iposepum ycaosue opuopoaHocTe (A > 0):

Qy
6}

(Az)y' = (My) — (Ax)e SN zy =y — ze¥/*.

Ucnompsyem noacranoeky y(x) = xz(z), x # 0:

z

_dr_do

2(z+ ) =22 — 2" &2 = —¢ —
e* x

Se=hlz|+Ces=—-In(lnfz|+C) &
<y = —zln(In(Cz)).
B nocnenpem mare MBI BHECJIM IPOR3BOJIBHYO IOCTOSHHYIO IO, 3HAK JIO-
rapudMa U BKIIOYH/INA B Hee 3HAK PACKDPBITHS MOZIYJIS.

®.103. Pemmts ypasrenue (y? — 2zy)dx + 22 dy = 0.
IIposepum ycaosme opropoarocTr (A > 0):

()% —2002)(M\y))dz + (\z)? dy = 0 & (y? — 2zy)dz + 22 dy = 0.
15



Wcnonp3yeM nOACTAHOBKY Y = 2I:

((z2)? — 2z(22)) dz + 2% d(22) = 0 &
& (2 -22)de+zxdz+2dr=0&
& (22— 2)de +xdz = 0.

Paznensa nepemennnie, moiygaeM

d d -1
Y P am|f = g+ Ce
2(z—1) x

z—1 C T z2

~ =—%&Sz= = Yy= .

z T z—C z—C

_1
IIpy mHTErpUpPOBAHUY BHIPAYKEHU e

D MBI UCIIOJIB30BaJIN €I'0 Pa3JI0XKe-

HHUE Ha TpocTetitme apodu:

1 1 1

2(z—-1) z—-1 =z

IIpu pasmenenun mepeMeHHBIX MODIHA OBITHL HOTEPAHBL perreHnd z = 0 u
z=1me.y = 0uny = x. Pemeune y = x mosydaercs, eCam B IMO-
cremueit popmyte B3sitb C' = 0, T. €. 0HO (baKTHIECKN He OBLIO MOTEPIHO.
HemnocpencTBennoi MTPoBepKOil yOexK AaEMCH, YTO YPABHEHNE UMEET €I1e U
pemerne & = 0, KOTOpOe OBLIO TOTEPSIHO B PE3YJIBTATE MOJACTAHOBKHU.
Takum 06pa3oM, PEIIeHrs UCXOTHONO YPABHEHHUS JIAKTCS COBOKYIIHO-

CTBIO
22

-C

8w w
I

T
0
0

4.2. YpapHeHue Buma
a1 xr + bly + C1
V=
a2z + bay + c2

B caydae aibe # asb) CBOAMTCA K OMHOPOAHOMY, €CJIU TEpEHTH K HOBBIM
IEePEMEHHBIM
X=z—-z9, Y =y —yo,

Dje To U Yp HAXOMAATCS W3 CHCTEMBL (ONpEHeNEHHOH B CHIY YCJIOBHS

a1b2 - a2b1 7& 0)

a1zg +b1yo+c1 =0
asxo + bayo +c2 =0
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IIpu sToM ypaBHeHUHE TPeo6pPa3yeTCa K BHIY

dl _f a1X+b1Y
dX a a2X+b2Y )

®.117. Pemmts ypasrenne (y + 2)dz = (2z + y — 4) dy.
Pemnm cucremy

2r+y—4=0 rz=3
{y+2:0 <Z>{yz—2

IHomoxum ¥ = y + 2, X = x — 3. Torma ypasaenue mpeobpasyercd K
suay Y dX = (2X +Y)dY. 3o omroponmoe ypaereHue. Bocmomsayemcs
moacranopkoit X =Y Z, Y #£0:

Y(ZdY +YdZ)= (2YZ +Y)dY & Y dZ = (Z +1)dY.

Pasnensa mepeMeHHEBIe, IOy INM

dz dy
S Z4+1=CY<X=Y({CY-1)&
Sr—-3=(y+2)(Cly+2)-1).

IIpu pasmeneHnn mepeMeHHBIX OBLIO TOTepsiHO pemrenne ¥ = (0, T.e.
y+ 2 =0, Takum 0O6pa3oM peIeHne UCXOJHOTO YPABHEHUSI NAETCS COBO-
KYITHOCTBHE)

z—-3=(y+2)(Cly+2)—1)

y=-2.

Sagaau ny1a camocrosirensHoro pentenns: 103, 104, 105, 113, 118, 119.

5. JIuHeiiHble ypaBHEHUSs

5.1. JTunelinvim 00HOPOOHDBIM yPaBHEHHEM LEPBOrO IOPSIKA HA3LIBAETCH
YPaBHEHHUE BUIA

y' = a(z)y, (5.1)

rme (PYHKIHS ¢ OIMpeaeJeHa M HelpepbiBHA HA HEKOTOPOM HHTEPBAJIE
ICcR.

PaccvarpuBaemoe ypaBHEHHE SBASETCH YPABHEHHEM C PA3IeISIOINII-
Mucs nepeMeHHbIMA. HamoMHEM, KaK OHO permaeTcs.
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1) Pasmensem mepeMeHHBIE:

Ha srom mare “repaerca”’ pemenne y = 0. Ero Hy:kHO 6yIeT IpHCOeIMHATE
K OTBETY.
2) Nurerpupyem:

/dy—y:/a(m)dm@ln|y|:/a(m)dm—l—C, CeR.

31ech W Jjanee 3HAKOM WHTETPaja ODGO3HAUEHA TPOM3BOJbHAA (HO buk-
cupoBaHHAs) TMepBoobpasHas QyHKIWM (B JaHHOM ciydae (DYHKIHA a).
Hautee,

|y| — eCefa(z)dz Sy= ieCefa(z)dz‘

[Mockompky €€ IPUHEMAET TPOM3BOIBHBIE TOIOXKHATETbHbIE 3HAYCHN, TeC
TPUHAMAET TPOU3BOJILHBIC HEHYJIEBbIE 3HAYCHUS. Y YUThIBadA, 410 ¥ = 0 —
TOXKE pellleHre, OKOHYATEJBHO MOJIYIaeM

y=Celo®d cR.

ITonyuennaa popMyna TOKA3BIBAET, YTO BCE PEIIEHUS PACCMATPUBAEMOTO
YPaBHEHHS OPOUOPIMOHAIBHBI OPYT APyry. Takum 06pa3zoM, MHOKECTBO
perrneruii MUMHEAHOTO OMHOPOIHOTO YPABHEHHS COCTONT 13 (PYHKIMH BHIA

Yy = Cy07 Ce R7 (52)

LJIE Yo — IPOU3BOJIbHOE ((DUKCHPOBAHHOE) HEHYJIEBOE PEIIEHUE TOr0 yPaB-
menust: 1yig segxoro C' € R dopmyna (5.2) sajaer penienue, U BCIKOe pe-
[IeHne moJIydaeTcs no atoit dpopmyne npu vHekoropoMm C. Takyio dopmyny
HA3BIBAIOT 0O0WUM DEWEHUEM YPABHEHUS, & Yy B 9TOM KOHTEKCTE HA3BIBA~
OT 4GCTIVHbBIM PEULEHUCM.

Urak, 3HaHHE OHOrO HEHY/JIEBOI'O PEIIEHNd MO3BOJISET PEIIUThH yPaB-
HeHue BU/A (5.1) TOJHOCTHIO.

Ipumep. Pemuts ypasuenue y' = 2y.

Onuo perenue serko yragsmaercs: ¥ = ¢°. Ho Torma obimee pererne
ects y = Ca.
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5.2. Jlunetinoim HeodHopoOHsim ypaBHEHAEM [IEPBOrO MOPSIKA HAZBIBA-
eTCcs ypaBHEHUE BHIA

y' =alz)y +b(z), (5-3)

e GYHKINKT ¢ U b onpefeseHbl B HeIIPEPHIBEBI HA HEKOTOPOM HHTEPBAJIE
ICR.

Ocuornoit pakT, KacawomMuica PermeHnii HeoJHOPOLHOIO YPaBHEHHUS,
COCTOUT B CJEAYIOIIEM: MHOXKECTBO PENIeHUH HEOTHOPOIHOTO YPABHEHHS
cocrouT 3 QYHKIMI BUIA

y=Cyo+y", C€R,

rJie Yo — NpOou3BoJIbHOe (PUKCHPOBAHHOE HEHYJIEBOE PelleHUe OJHOPOIHOIO
ypasaenng (5.1), a y* — mponsBoEHOE DUKCHPOBAHHOE PENTEHUE HEOHO-
POJHOIO ypaBHEHHUS.

B cooTBeTcTBUE ¢ paHHee BBeJEHOH TePMHHOJOTHEH IOIydYacM, ITO
oDlllee pellleHUe HEOHOPOJHOTO ypaBHEHHs eCTh CyMMa OOIIEro pelleHHs
O/THOPOJIHOI'O YPABHEHHA H YaCTHOI'O PEIIeHHs HeOJHOPOIHOIO YPABHEHHUS,
YTO KPATKO BHIPAYKAIOT TaK:

O.PH.YV.=0.P.O.YV.4+4Y.PH.V.

Takum 06pa3oM, IJIs peleHnsT HeOTHOPOTHOTO YPABHEHHST HYKHO:
1. Pemmursb COOTBETCTBYIOIIEE OTHOPOAHOS YPABHEHUE;
2. Haiitu yacTHOE perenne HEOTHOPOAHOTO YPABHEHHSI.

IMociiemuee OCYIIECTBIIACTC METOIOM SAPUALUL NPOUSEOALHOT, NOCTNOAH-
noti: mmem y* B Bune y*(z) = C(2)yo(z), tme yo — HeHyIEBOE perneHHe
onHOpoAHOro ypasrenus, a C(z) — neussecrnad dynknus. Pyuxuua C(z)
HAXOJIUTCS B PE3yJIbTaTe MOJACTAHOBKH y* B ypasHeHue (5.3):

C'(@)yo(@) + C(x)yp(z) = a(z)C()yo(x) + b().

Mockonbky  GyHKIUa yg aBagerca pemenmem  (5.1),  mveem
yo(z) = a(z)yo(z), orxyza

C'(z)yo(z) = b(z). (5.4)

Urak, B kauecrBe C(x) MOKHO B34Th JHOOYIO IepBOOOPA3HYIO (DYHKIMA
b(z)/yo(z). Hoaygernyo dpopMyry TOIE3HO 3aTIOMHNTE.
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ITpumepsl
@.140. Pemwrs ypapmenne 22y + xy+1=0.
PazpenmM nagHOE ypaBHEHHE OTHOCHTENBHO 4, T. €. TIepelHineM ero B
BUAE
2
y = —y/x—1/2%,

OTKyZa SCHO, 9TO HMEEM JICJIO C JMHEHHBIM HEOHOPOAHBIM YPABHEHAEM.
CHavaJia peimM OfIHOPoAHOE ypaBHeHue y' = —y/x:

dy _ oy W dr

dx x y x

1
<:>ln|y|:—ln|a:|+C<:>ln|yx|:C<:>ym:C<:>y:C'5.

B nocnesaem nepexose Mbl, Kak OOBITHO, BHECJIN 3HAK, BO3HUKAIOMUH mpn
PACKPBITAN MOAYJISL, B IIPOU3BOJIBHYO NOCTOSHHYIO U YUIH, YTO (DYHKIHL
y(x) = 0 aBasteTca permeHneM.

JI1s HaxosK IEHNS JACTHOTO PEIeHnsT BOCosb3yemed dbopmyoti (5.4):

1 1 1
C'r)-=-— & C'(x)=—-.
(0)s = =5 & C'(e) = —
Mozxuo B3sth C'(z) = — In|z|.

Taxum 06pa30M, MBI HAIIJIN 9aCTHOE PeIlleHne HeOTHOPO/IHOTO YPaBHe-
HEda y* = flnmﬂ. Ob61ee pereHne NCXOIHOTO YPABHEHUS TOT/A 33a€TCs
dopmymoit

1 Inlz|
y) =0 - 2
z x

®.144. Pemuts ypasrerue ry’ + (z + 1)y = 32%e%.
Paszpemum nannoe ypapHEHHE OTHOCUTEIBHO '

1
y = e y+ 3ze™ .
x

Nmeem nuHeiiHOE HEOIHOPOJHOE yDABHEHHUE.
Pemnm cragana onroponuoe ypasaenne (C — NpOU3BOJILHAL HOCTOLH-
Had):

, z+1 dy z+1
- & 2= =

a de x
d 1 e
oW Tt ey = —z—Infe|+C oy =,
Yy z z
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JIy1s HaXoyK IeHNs 9aCTHOTO PeIeHns Boctosbiyemed dbopmyioii (5.4):

C’(x)eT =3ze™* & O'(z) = 32°.
Mozxmo B3aTh C(z) = 2°.

Ob1ee pereHre UCXOHOTO YPaBHEHHST TONA 3a1aeTcs hpopMyIoi
e—CL‘
y(z) = C— +z%e™".
x

5.3. Ypagrenne B muddepennmanax (2.1) GyzaeM Ha3BIBATE THHEHHBIM
B CJIy4ae, KOI/a XOTd ObI OQHO U3 ypaBHEHUHA

dy  M(z,y)

dx N(z,y)
niamn

dz _ N(z,y)

dy  M(z,y)

SBJISIETCH JIMHENHBIM.

®.139. Pemutrs ypasuenue (zy + €%)dr — xzdy = 0.
Ilepenmimem qaaHOE ypPABHEHHE B BHJIE
d e
Syt (5.5)
[Monxyuenuoe ypaBHeHHE gBAFETCH JTHHEHHBIM.

Kak ormevasnocs B I'l. 2, BCIKasd KPHUBasi, SABJIAOIIAICT PEIIEHUEM HC-
XOIHOTO ypaBHeHHd B mudhepeHImanax, B HEKOTOPOH OKPECTHOCTH BCH-
KO TOYKH C HEBEPTHUKAJILHON KacaTenbHON MpeacTaBiseT coboit rpaduk
perienns ypasHeHHs (5.5), TaAK WTO BCE HEBEPTUKAJBHBIE YYACTKH Ta-
KO! KpuBoil onuceiBarorca permenusiMu ypasaerusa (5.5). Ilomumo sroro,
MOTYT OBITH BEPTHKAJILHBIC YYACTKH, OMUCHIBAEMBIE YPABHEHUSMU BHJIA
xz— C =0, rne C — nocrosirzag. [IpoBepkoit yHexmaeMcs, 9T0 TAHHOMY
YPABHEHUIO YAOBJIETBOPSET TOJIBKO x = 0:

He —C) +m8(a: -C)

zy +e° =0 z=0.
@y +e) =, oz
Pemum ypaerenne (5.5). Ogroponmoe ypasHeHme y' = Y, OYEBHJIHO,
nmeer pemenne y(z) = e”. CnenoBartenbHO, 00Iee €ro pENIEHHWE €CTh

y(z) = Ce®.
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JIy1s HaXoyK IeHNs 9aCTHOTO PeIeHns Boctosbiyemed dbopmyioii (5.4):

)= o )=
x)e® = — x)==.
x X
Monxyaaem C(z) = In|z| + Const. B kagectse C(z) romurces, Hanpumep,
In |z|.
O6mee pemenune ypasHerus (5.5) Torna samaercs GopMyIoi

y(z) = Ce® + €” In|z|.

Pemennga ncxonaoro ypaBHeHus B AudepeHnnaaax JarTcsd COBOKYII-
HOCTBEO
y(z) = Ce® + ¥ In |z|
xz=0.

B HexkoTOpHIX ciaydasx JaHHOE YPABHEHHE CaMO He IBJISETCS JIMHel-
HBIM, OJTHAKO CTAHOBHTCS TAKOBBIM IPH TEPEX0e K 00paTHOH dyHKIHA.

r_ _y
®.149. Pemnrs ypasuenue y' = Ermrl
JlanHoe ypaBHeHue He siBisieTcs: iuHeiHbiM. Onaako dyaxnus, obpart-

Hag uckoMmoii (Korma oHa oupesesieHa u quddepeHnupyeMa), YA0BIETBO-

paeT JuHeHOMY ypaBHEHHIO

r=-xz—y.
Y

BwmecTo Toro, 4TobbI periaTh JHHEHHOE OJHOPOAHOE ypaBHeHue r’ = %w,

samMeTnM, uTo pyukung z(y) = y° asaserca ero pemreruem. CiemoBarennb-
HO, ero obmee penenue maerca dopmystoit z(y) = Cy°.
Jljisl HAXOXKJIEHHs YACTHOIO PEIleHus BOCLojb3yeMcs hopmyaoi (5.4):

1
C'yy’=-ye 'y = —
Mozxuo B3sTh C(y) = %
O6wee pemenne ypasuenns (5.5) Torma samaerca GopMymIoi

z=Cy® + 42

Ora xe dbopmyna 3amaer (HEABHO) PeIIEHAs UCXOMHOTO ypaBHeHus. [Ipn
nepexoje K obpatHoit dyuxuun “repsarorcs” pemenus sumga y = C, e C'
— nocrogaraa. lIpoBepkoii ybexmaeMca, 4T0 JAHHOMY yPABHEHHIO YIO-
BraeTBOpPAET TONBKO Y = 0.
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Wrak, perennsi JaHHOrO ypaBHEHHS AAKTCS COBOKYIIHOCTBIO

z=Cy3+y?
y=0.

5.4. Ypasrennem Depryaiu HA3BIBAETCS yPABHEHUE BUIA
y' = a(z)y” +b(z)y,

roe n# 0,1, a a u b — HenpepeiBEBIE DYHKIIUA.
OHO CBOAUTCS K PENIEHUIO IMHEHHOIO YPABHEHUS C MOMOIIBIO CJIEIYI0-
IEero IMpueMa: pas3aeanM obe 9acTu Ha Y™ M 3aMETHM, 9TO

Yy 1 n
?J_": 1—n(y1 )l'

VpaBHeHNne TOrIa MOXKHO HMEPENHCATh B BUJIE

1

1—n

2 =b(x)z + a(z),

riae
2(z) =y " (2). (5.6)

[Tony4eHHOE ypaBHEHUE ABASAETCH JIMHENHBIM U DELIACTCI METOIOM, 13-
JIOXKEHHBIM Bbille, QYHKUUA Y 3aTEM HAXOIWUTCSH, UCXO/HA M3 COOTHOIIE-
Hust (5.6).

B ciayuae n > 0 upu nenmenun Ha y” “repsercs’ pemenne y = 0, ero
HYZKHO NOOABUTH B OTBET.

®.151. Pemmrs ypasmeHue y' + 2y = y2e®.

Hannoe ypasaeHue sBasercs ypapaenueM bepuynu. [logennm obe ga-
crn Ha 3

:eit’

y/
2t

u nonoxmM z(z) = y~1(x). Torga

@ |

4+ 2%=e" o =2z €.
Jlerko BuaeTh, 4T0 (DYHKIUS z = €2 gBJIAETCH PEIICHUEM JMHEeHHOro 0Ji-
HOPOJHOrO ypaBHeHus z' — 2z. 3HauuT, 0blllee peIlleHUEe TOr0 ypaBHEHUs
ecTb 2 = Ce?®. Jlajee, 4aCTHOE PEIIEHNe HEOIHOPOIHOIO YPABHEHNS JIET-
KO yragesaercs: y* (z) = e”. CemoBaTesbHO, €ro obIee peleHne JaeTcst
dopumymoit z = Ce?® 4 e®.
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Penrenua MCXOTHOTO ypaBHEHHSI TOTJA JAIOTCS COBOKYIHOCTBIO (y4u-
ThiBaEM “oTepanHOE” pu sesiennu pererue y = 0)

y—l — CBQw + e
y=0.

Sagaun 1j1d caMoCcTosTeIbHOrO pemrenus: 137, 141, 146, 148, 155, 156.

6. YpaBHeHHUd B IOJHBIX JAuddepeHIaIax

Vpasuenue B nudbepenuanax
M(z,y)de+ N{(z,y)dy =0, (6.1)

3a/1aHHOE B HeKoTOpOH obmactu D C R?, HasbiBaerca ypaBHEHHEM 6 NoA-
nox dugepenyuanar, ecnm ma moboit Touxn (xg,yo) € D cymecTByroT
Takue ee okpectHocTh U u nuddepennmupyemas dysknuga g: U — R, gro

dg(z,y) = M(z,y)dz + N(z,y)dy, (z,y) €U.
OO61uee pellleHne ypaBHeHUs TOrIa naercsa (PopMyIon
9(z,y) =C,

rie C' — IpPOM3BOJIbHAA IOCTOSHHAS.

B cayuae, korma M (z,y) n N{x,y) AMEIOT HEPEPBIBHBIE YACTHBIE TIPO-
n3BoaHble, ypasaenue (6.1) aBaserca ypaBHeHWEM B TOJHBIX TubdepeH-
[uaIax TOTJIa H TOJBKO TOTAA, KOTJIE

My(z,y) = No(z,y), (z,y)€D. (6.2)

Yrobsl penmmTh ypaBHEHHE B TMOJHBIX audbepeHnmanax, Haa0 HaiiTu
byuxumo g(z,y), yOOBIETBEOPIONUIYIO CHCTEME

{ 9 (2,y) = M(z,y),
gy(z,y) = N(z,y).

1) Tlpn puKCHPOBAHHOM Y MPOWHTETPUPYEM TIEPBOE YPABHEHHE CHCTEMBI
1o x:

a(z,y) Z/M(rc,y) dz + h(y).

3pecw [ M(z,y)dr — Hekoropas hUKCHpOBAHHASA TIePBOOGPA3HA OTHOCH-
renbHO = dyHKUIM M (z,y). Takum obpazom, sug dyEkmE ¢(z,y) yxKe
YaCTHIHO OIpeemeH.
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2) Oas onpenenenns h(y) NOOCTABAM HOJLYI€HHOE BBIDAJKEHHE BO BTO-
poe ypaBHEHHUE CHCTEMBI:

(%/M(:z:,y)dm—i—h'(y) = N(z,y) <
& H(y) = Nizyy) ~ [ My(o.p) do

Venosue (6.2) rapasTHpyeT, 9TO TpaBad YaCTh MOAYIEHHOTO COOTHOIIE-
HHS 3aBHCHT TOJBKO OT ¥ (WO Kpafineii Mepe, B HEKOTOPOH OKPECTHOCTH
KaxkIo# Toukm obmactm D). Torma B KauecTBe h MOXKHO B3STH JHOGYIO
nepBooOPa3Hy 0 (OYHKIWN, CTOANEN B IPaBOil YacTH.

Sameuanne. [TopsagI0K UCIOTH30BAHUS YPABHEHUN CHCTEMBI MOXKHO H3-
MEHUTH, T.€. CHAYaJla MOXKHO HCIOJb30BATh BTOPOE YpPaBHEHHUE CHCTEMBI,
a IIOTOM TOJCTAaBJIATH B IIEPBOE.

IIpumep 1. Pemurs ypaBHeHHE
(z + siny)dz + (z cosy — 2y)dy = 0.

3xecn
M(z,y) ==z +siny, N{z,y) ==zcosy — 2y.

Takum obpazsom,
My(z,y) = Np(z,y) = cosy,

U JaHHOE yPaBHCHHE ABAACTCS yPaBHEHHEM B TONHBIX Auddepennuatax.
Sanuiem cucremy Jid onpeeserns GyEKuuA ¢(x,y):

{ 9o (2,y) = & + siny,
gy(T,y) = TCosy — 2y.

[IpounTerpupyeM HnepBoe ypaBHEHHE CHCTEMBL II0 T
. 1 .
/gm(a:,y)d:v = /(:c +siny)de < g(z,y) = 51’2 + zsiny + h(y).

Jnsa maxoxaerns h(y) TOACTABEM HOJIyYeHHOE BEIpaKeHne 1s ¢(z,y) Bo
BTODOE YPABHEHHE CHCTEMBL:

1 !
(§x2 + zsiny + h(y)) =zcosy — 2y &
Yy
e zcosy+h(y) =zcosy — 2y & I'(y) = —2y.
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Takum 06pazoM, TOAUTCS, HAIPUMED,
2
h(y) = —y~.

B pesysbrare

1 )
g(z,y) = 5962 + zsiny — 37,

u obImee perenne ypaBHEHH TaeTCsa (POPMYJIOH
1, )
oXd 4+ zsiny = C.

IIpumep 2. Pemmuts ypasreHne
(227t — 22%) dt + (42°® — 627t + 22t?) dz = 0.

3xecn
M(t, ) = 222t — 22°, N(t,x) = 42° — 627t + 2212

Taxum obpazom,
M, = N, = —62% + 4at,

U JIAaHHOe ypaBHEHHe SBJIdeTcs ypaBHEHHEeM B IOJHBIX auddepernuaiax.
Sanuimem cucremy g onpenesenns pyukuun g(t, )

g:(t,x) = 222t — 223,
gz (t,z) = 4z3 — 622t + 221>,

[IpounTerpupyem NEPBOE YPABHEHHE CHCTEMBI IO £:
/ go(t,z) dt = / (2% — 20%) dt > gt 7) = 228 — 20t + h(x).

s naxoxaerna h(z) mogcrapum nosyvueHnoe BEIpaskenne s ¢(t, x) Bo
BTOPOE YPaBHEHHE CUCTEMbI:

(z%t? — 22°t + h(x))), = 423 — 627t + 22t° &
< 2rt? — 627t 4+ ' (x) = 42 — 627t + 22t? & B/ (x) = 423

Taxum 06pa3oM, MozkHO B3aTh h(r) = 2*. B pesynsrare
g(t,z) = *t? — 223t 4 2*,
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U pellleHne ypaBHeHHsd OyJeT UMeTh BHJ
2 — 2%t + 2t = C & (22 — xt)? = C.

W3Bnekaa KBagpaTHBIH KOpEHb U3 00eMX HYacTell MOCIETHEr0 ypABHEHUS,
IIOJIy UM

2 —at=0C (CL==xV0O).

MozxHO paspernuTs 970 PABEHCTBO OTHOCUTENBHO T, HCIOJIb3Yd (DOPMYIIBL
KOpHEeH KB3/[DATHOTO YPaBHEHHUSA

t+Vt2 + 40,
2

xr =

wm nepeobosnadaa C = 4C1,

t+VI2+C
p=EVEEC e

R.
2
IIpumep 3. Pemurs 3amaay Komn
22 (x — t
= > (z=t) z(2) = 3.

473 — 622t + 212’

Hanroe mudbepeHnuaibHoe ypaBHEHIE PEIICHO B MIPeABbIAYIINEM IPUMEDPE,
u ero obiee perenue gaercs GOPMyYIOH

22—zt =C.
Ucnonesysa nHaganbpHOE yeaosue x(2) = 3, momyanm
3?-302)=CsC=3.

Takum obpasom, pemenne 3amaqu Komu 6yaer 3anlucBBaThCA B HESBHOM
BUIE
2 — xt =3,

wH, 6YAYYH pa3spemeHHbIM OTHOCHTEIBHO T, B IBHOM BUJIE

1
z=S(t+ Vi +12).

Sagaun 118 CaMOCTOsATeIbHOrO pemrenus:: 186, 187, 188, 189, 190, 191.
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7. VIHTerpupymoIiuii MHOXKHUTEJIb

Humezpupyrowum muosicumenesm TG PepeHITnaIbHOTO YPABHEHHS
M(z,y)dx + N(z,y)dy =0

HA3BIBACTCA TaKasd (He paBHAs Hy/a0 ToxzecTBenHo) dbyHKmusa m(z,y),
9ITO ypaBHEHHE

SABASETCHA ypaBHEHHEM B noJHbix mauddepennnanax. Kak ykasbiBaJoch B
1. 6, HeOBXOIUMBIM U JIOCTATOYHBIM YCJIOBUEM IJIS STOIO SABJISETCH BBI-
TOJTHEHUE TOXKIECTBA

(mM),; = (mN), & myM +mM, =m;N +mN,. (HO)

Ecau naTerpupyioiuii MEOKUTEH HalAeH, TO JaabHellIee peienne mpo-
HCXOAWT KAK B mpeablayieil riase. Tak Kaxk obIIero MeTona HaX0XK AEHHsT
UHTEIPUPYIOIIET0 MHOXKHTEJS He CYLIeCTBYET, TO €TI0 ONpeeeHre CaMo
1o cebe ABIAETCH NOCTATOTHO CIIOXKHOM 3anaqeii. Tem He MeHee, B HEKOTO-
PBIX YaCTHBHIX CJIyYasX yaaeTcda HalTU MHTeTPUPYIOMINNl MHOXKUTENb, UC-
MOJIB3YSI CHEIUANIBHYI0 IPYIIIPOBKY CJIaraeMblx JHOO HeOCpeaCTBEHHO
ycaosue (HIT).
7.1. Yoaunasa 2pynnuposra cAa2aeMbLT

IIpumep 1. Pemuth ypapHEHIE
(y — zy?) dz + (z + 2%y?) dy = 0.

JlaHHOE ypaBHEHHUE He 9BJISETCH YPaBHEHHEM B NOJNHBIX auddepeHnnaiax,
U HHTeIPUPYIOMINH MHOKATETb He CPa3y OYcBH/ICH. [lepernimeM ypaBHe-
HUE B BUIE

(yde + xzdy) + (—zy? de + 22y% dy) = 0.

OpueHTHpYdaCh HA [EPBYIO TPYIIly  CJlaraeMblX, MOYKHO  B34Th

m(z,y) = (zy) 2.

VmuokHuM 06€ JacTH TPeobpa3oBaHHOTO ypaBHeHH Ha (Ty)~2:

ydo +zdy —zy?de+ 2%y dy

=0&
(zy)? (zy)?
dy 1 1 1
@yd‘z}# = —da:—dy(:)d(——) = —dr —dy.
zy) x Ty x
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WNarerpupys 06e 4acTu moc/ieIHEr0 yPaBHEHHS, OKOHYATEIBHO ITOJLY IHM

1
— =In|z|-y+C.
Ty

IIpumep 2. Pemuth ypapHEHIE

’ 3y$2

¥y = 23 + 2yt
CHauajia nepenuiineM ypasHeHHe B audpepeHmanax
(3yx?)dx + (—2* — 2y?)dy = 0.

OHO He SBJIAETCS YPABHEHUEM B TOJHBIX TudpepeHImanax, u HHTErPIpy-
OIUY MHOXKUTENb CPa3y He odeBuieH. [lepenmimem ypaBHeHUE B BUIE

22 (3ydz — xdy) — 2y* dy.

Obparus BHHMAHHME Ha BBIpakeHHWe B CKOOKaxX, MOXKHO B3STb
m{z,y) = 2%y~2. Ommako BBIpaskeHWe B CKODKAaX y»Ke YMHOXKEHO Ha
22, 9TO JlaeT BO3MOXKHOCTH BHIOpaTh m(z,y) = y~ 2. YMHOKas obe gacTu

yPaBHEHHA HA Y~ 2, HOJLYYHM

22y~%(3ydx — xdy) — 2y* dy = 0.
DTo ypaBHEHHE MOKHO YIIPOCTHTE:
d(z®y~t) = 2¢% dy,

KOTOpOe, OYIYYH NMPOUHTErPUPOBAHHBIM, JACT 00ILee pelrenne HCXOTHOTO
JhpepeHInATBHOTO yPaBHEHHS

iyt = 25 +C
3
B HESIBHOM BHJIE.

7.2. Henoavsosawue (HZI)

ITockompKy mOC/e HAXOXKAEHUS HHTETPUPYIOIIEro MHOXKATENIS OyIyT
HOJIy4aThCs YPABHEHHS B MOMHBIX nuddepeHnpanax, MeTo I PeleHust KO-
TOPBIX OILIMCAH B INI. 6, MBI He GymeM JIOBOIMTH PENEHUE KAXK/OT0 yPaBHe-
HES 10 KOHIA, OCTABJIAL 9T0O YUTATEI0 B KAYECTBE IOCHIIBHOTO YIPAZKHE-
HUA.
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Bemmmmewm (HI) B passepryTOM Brme

(In|m|)y M — (In|m|)e N = N, — M,,.

(HIP)

Tak Kak B 00mmIEeM CaIydIae HHTErPUPYIOMIH MHOXKUTEH IBIsIeTCS (DYHKITH-
eif IBYyX MePEMEHHBIX, TO CAMBIMHU MPOCTHIMH ABJISIOTCH CIy9al, KOTJa ero
MOZKHO HalTn cpean YHKUMIE oHOTO mepeMeHHOTo, T. 6. m{z,y) = p(z)

wm m(z,y) = ().
Cay=ait m(z,y) = o(z).
Torma (HP) npuauMmaer Bug

~(Inlgl)N = No = M, & (Infgl) = =

Ecnu oxaxkercsi, aro

My(l‘, y) - Nz(xvy)
N(z,y)

o(a) = [ g(o)d).

re uHTEerpaJ 0603HavaeT IPOU3BOJIBHYI0 EPBOOOPA3HYIO.

Corysait m(z,y) = ¢(y)-
Torna (HAP) npurumaer srz,

= g(z),

TO

(1n ) M = N, = M, < (npl) = =

Ecnu oxaxkercsi, aro

Nz(m7 y) — My(xvy)
M(z,y)

o(y) = exp </h(y) dy> :

re uHTEerpaJ 0603HavaeT IPOU3BOJIBHYI0 EPBOOOPA3HYIO.

= h(y),

TO

IIpumep 3. Pemuts ypapaeHIE

y?de +zydy =0.
30
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Bnecs M(z,y) = y?, N(z,y) = zy. Taxum obpasom, M, =2y, N, =y, u
(HA) me pemmosaserca. [lonpobyeM HAfTH WHTErPUPYIOIUI MHOKATETH B
suzae m(z,y) = ¢(y). DTO BO3MOKHO CAENATH B CHIY TOTO, 9TO

Ne(z,y) — My(z,y) vy — 2y 1

M(z,y) oy oy

3aBUCUT TOJBKO OT y. Ilonpaysace dopmymamu (7.1)-(7.2), oupenensem

o(y) = exp </(Zy) =exp(—Iny) = i

-1

VMmuoxkadg 06e 9aCTH HCXOJHOTO yPABHEHUS HA Y
MOTHBIX AuhepeHnmaTax

, IOJIy9uM ypaBHEHUE B

ydr 4+ xdy = 0.

Bonee cnoxmbiMm gBnstorcda caydam, korma miz,y) = ez £ y),
m(z,y) = ¢(z% £ y?), m(z,y) = ¢(zy) u Tax ganee. OcHOBHOI Wmeelt
HaxoKAeHns: (DYHKIMI TaKoro BUIA SIBJISETCS CBA3AHHOCTD HE3ABUCUMBIX
IEePEMEHHBIX B OIIpe/ieIeHHbIe KOMOUHAIMHY. J1J1sl yIPOIeH sl PeIIeHn s BIL
HHTErPUPYIOMEr0 MHOYKHATENS HHOTTA TAETC B YCJIOBUH 381441,

Cayaait m(z,y) = (2% + y2).

O6osrasmM 22 + y? = 2. Torga

(o)), = =5 20 = ()2,
(Inm(z,y))z = S;((:) 2z = (Inyp) 2z,

(Ing) 2yM(z,y) — (Inp) 22N (2, y) = Nu(z,y) — My(z,y),
(ln )/ NI Ly ) My(may)
14 2yM(z,y) — 2zN(z,y)

Ecan okaxercs, 4To

NZ(J’" y) — My(m7y)

_ 2 2
= 7.3
2yM (z,y) — 22N (z,y) 9=+ v, (7.8)
TO HOJIYYIUM TpocTeliliee ypaBHEHHE
d(ln |
dnlel) _ o, (7.4)

dz
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KOTOPOE JIaeT BO3MOXKHOCTE OITPEIETUTD (.

IIpumep 4. Pemmuth ypapHEHIE
(2® +y)dy +2(1 —y)de =0, m(z,y) = p(a® +y°).

Bmecs M(z,y) =z — 2y, N(z,y) = 2% + .
ITpoeepum BBIMONHEHRE yeaoBus (7.3):

Nz(xay)_My(xvy) — (-T2+y)z_(l'_$l/)y —
2yM(z,y) — 2zN(z,y) 2y(z — xy) — 2z(22 +y)
20+ x 3

= = — = 2 2
© 2zy — 2xy? — 223 — 2xy 2(z? + y?) 9"+,

rie g(z) = f%.
Bocnonbsyemca dbopmymnoii (7.4):

dlnlg]) _ 3

dz 22’

U NOJIyIUM

p(z) = exp <—/ g;iz) =272 = m(a,y) = (22 +y7) 2,

_3
Vmuoxkad 06€ 9aCTH HCXOTHOTO ypaBHeHHs Ha (x2 + y2) ™ 2, momyuamm
ypaBHEHHE B MOJIHBIX dudepeHimaaax

(@2 +y) (@2 + 52 Fdy + 2(1 - y)(2® +¢*) " F dz =0.

3ameganne. Her Hukakoii HeOOXODMMOCTH 3ay9IHMBATE HAN3YCTH BHI-

KJTAOKYU Wi (pOpMyYIIsl, PACCMOTPEHHBIE BhIe. JJ0CTATOYHO NOHATE HJIEH
UX [OJIy4EHUd.

IIpumep 5. Pemuts ypasreHne
(2*y° +y)de + (2%y® —2)dy =0, m(z,y) = ¢(zy).

Umeem M(z,y) = 2%y3 +y, N(z,y) = 2°y* — z, M, = 32%y% + 1,
N, =3z%y% — 1.
Cnenya 3amevdanunio, 6yaeM HUCIOIb30BATH I HAXOXKICHUS (PYHKIIIH
¢ menocpeacteerno (HAP). O6ozravas xy = z, HAXOANM
(In|m[)y = (In|el)’ =, (n|m|), = (Ine[)'y.
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IMoxcTapum BBrUMCHeHHbe BhIpaxernusa B (HIP):

(In|gl)'2(z*" +y) — (n]gl)y(a®y® —2) = 2=
& (2% +ay — 2% +oy)(inlpl) = 24 (nle) = ——.

Ilonyaunm npocreiiiee auddepeHnuanbHoe ypaBHEHAE

2
(Infol) ===,

pelasg KOTOpoe HaxOIuM

o) = 7 M) = o

VYmuaoxkaa 0b6e wactu HCXoOHOrO IudhepeHIMaNbHOTO ypaBHEHUS Ha
(zy) ™2, nosryunM ypaBHeHHE B TIOJHBIX muddepeHratax

(22y® +y)x 2y de + (23y® — 2)z %y 2 dy = 0.

Sagavun 1j1d CaMOCTOsSTeIbHOrO pemrenus: 195, 197, 198, 200, 211, 215.

8. YpaBHeHUd, He pa3pelleHHbIE OTHOCUTEJIBHO
IPOU3BOIHOM

Paccmorpum gudppepeHnmaibHOe yPABHEHAE TIEPBOrO MOPSIIKA
F(z,y,y") =0, (8.1)

rae dyHKIMa F ompesenena u HeIpepsIBHA B HeKoTopoit obmacta D C R3.
Bynem HasbBaTh 3T0 ypabBHeHHe TUGDEPEHINAIBHBIM YPABHEHUEM, He
PABPEULEHHBIM OTRHOCUMEALHO NPOUIEOOROT BCIEICTBUE TOrO, YTO OHO He
npejcrasieno B suge y' = f(x,y).

PaccmarpuBaembre B HacTostieM mocobun nuddepeHImanbHble ypas-
HEHHUs, HE Pa3PelleHHbE OTHOCUTENBHO MPOU3BOAHOMN, YCIOBHO Pa3Ie/]uM
Ha JIBa THUIIA.

Vpasuenuss 1 Tuma — 3TO ypaBHEHHs, KOTOPbIE IIyTEM MPHMEHEHHS
anredpPanIecKnX ONepanuii MPUBOIATC K OJHOMY WMJIM HECKOJBKUM YDaB-
HeHusM Buma ¥’ = f(z,y).

VpaBHeHus 2 THIIA — 9TO YPABHEHHUS, KOTOPBHIE METO/IOM BBEJEHUS -
paMeTpa, OIIUCBIBAEMBIM HHUKE, CBOIATCH K UM (epeHITTaIbHBIM YpaBHe-
HUSIM, HHTEIPUPYEMBIM B KBaJIPaTypPax.
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Memod ssedenus napamempae cocrour B cienyromeM. Obozmaunm
y' = p, TOra HOLY9UM CHCTEMY

F(z,y,p) =0
{ Lmvr) (8.2)

KOTOpas OyZeT SKBUBAJIEHTHA ypaBHeHuO (8.1).

Paccmorpum apa caydasi, korga dbysKImS F uMeer CrenuagbHbi BUT,
9TO TIO3BOJIAET MPOVHTErPUPOBATL ypasHeHue (8.1) B KBagpaTypax.

8.1. Ypasuenua, npusodumvie ¥ eudy r=g(y,y )

B sTom cayuae cucrema (8.2) npuruMaer Buz

{ z = g(y,p)

dy = pdzx.
IloacraBasga x u3 IEePBOrO YPaBHEHHUS CHCTEMBI BO BTOPOE, HOJLYIHM

(pgy — 1) dy + pgpdp = 0. (8.3)

Ecnu ynaerca nomyuwnrs pemmenuwe ypasrerus (8.3) B sune p = h(y,C)
(C — npomssonbaaa nocrosunas), o & = ¢(y, h(y, C)) — permenne nexon-
HOTO ypDaBHEHUs.

Ecnu ynaerca nosyaurs pernenne ypasaerna (8.3) B suae y = h(p, C),
TO pellleHre HCXOMHOTO yPABHEHUS MOKHO 38aTh IAPAMETPUIECKH CHCTe-

{ T = g(h(p7 C)vp)
y = h(p,C).

8.2. Vpaeunenusa, npusodumsie ¥ eudy y=f(z,y )
B sTom cayuae cucrema (8.2) npunumaer BAZ

{ Y= f(xvp)v
dy = pdx.

IToxcrapnas y U3 mepBOr0 ypPaBHEHHSI CUCTEMEL BO BTOPOE, HOJIYIUM

(fz —p)dz+ frdp=0. (8.4)

Ecim ymaerca mosyumts pemenne ypasnerns (8.4) B Bume p = h(z,C)
(C — npoussonbHas nocrosanagA), T0 y = f(z, h(z, C)) — pemenne nexo-
HOTO ypaBHEHHS.
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Ecsn ynaerca nosmynTs pemenne ypasrerus (8.4) B eune z = h(y, C),
TO PEIeHne HCXOMHOTO YPABHEHN MOYKHO 38/IaTh TTAPaMeTPIYeCKH CHCTE-

Mot
{ y = f(z,p)
z = h(y, C).
PaccMoTpuM HECKOBKO TPHMEPOB.

®.251. Pemurn ypapHeHIE
y/2 +xy = y2 +acy'.

Hannoe ypaBHeHue sBjsieTcs ypasHeHueM 1 tumna. [Ipeobpasyem man-
HOE yPABHEHHE K BHIY

y?—zy +xy—y? =0.

Pemas ero kax KpaJpaTHOE OTHOCHTEIBHO ¥, HAXOAAM YTO

vy =y
Yy =x—y.

IlepBoe ypaBHeHHE sBJISETCH ypPABHEHHEM C PA3AE/IAIONIUMUACT TEPe-
MeHHBIMHU ¢ 0bmuM pemennem y = Ce®. Bropoe ypaBHeHHE sABIAETCH JIH-
HelHBIM ypaBHEHHEM MePBOro nopsaaxa ¢ pemerauem y = Ce " +x—1. Ox-
HAKO [OJLyY€HHBIE PEIEHNS HE HCUYEPIBIBAIOT BCEIO MHOMXKECTBA PEIEHMIA,
TaK KaK BO3MOXKHEIL €II€ PENIEHNs B BUIE KYCOYHO-33JAHHBIX (DYHKIMIH, O
YeM YIIOMHUHAJIOCH B IVI. 3.

®.267. Pemurn ypapHeHIE
= y/3 + y/‘

JlanHoe ypaBHeHue sBjisiercs ypasHenueM 2 tuna. O6ozravas ¢y = p, or
JIAHHOTO yPaBHEHUs TepeliieM K 9KBUBAJEHTHONW cHCTEME

z=p’+p
dy = pdx.

Beraciaum dr u3 nepBOro ypaBHEHUsI CHCTEMBL M [IOICTABUM IIOJLY Y€HHOE
BHIpazKeHHe BO BTOPOe ypDaBHEHUeE:

dy = p (3p” + 1) dp.
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Ilonyaunm ypaBHEHHE C PA3aeIMIOMIMUCT IepeMeHHbIMA. Perag ero, Ha-
XOOHUM 3 1
Yy = 1p4+§p2+C.
B pesynbrare, pelnieHne UCXOTHOIO YPAaBHEHUS apPaMeTPUIECKN 33 aeTCs
cucTeMoii
r=p°+p,
{ y=3p*+3p°+C.

®.282. Pemurs ypapaeHue
2y —y =y Inyy'.

JlanHoe ypaBHEeHHUe ABJsieTCA ypPaBHEHHeM 2 TuIa. 3amerum, uro y # 0.
Paznenus ypasHeHne Ha 2y’ , moayanm

Y

= Ty/ =+ lnyy/.

T

Obosragas ¢y’ = p, OT JAHHOTO ypaBHEHHS mepeiiieM K SKBUBaJEHTHOI

cucreme
T = % +Inyp
dy = pdx.

Haiinem dz w3 nepBoro ypaBHEHHSI CHCTEMEL
der=d i—i—lnyp :2 i—i—lnyp dy +
2p 9y \2p

i (3 i) = (50 ) v+ (5 +1)
+to0— | o= +In dp=|—+-)dy+1—-=5+-]4d
Bp(2p vp " y) Y 2p? p

U IIoACTaBUM IIOJIYYEHHOE€ BBIDAXKECHHUC BO BTOPOC YDaBHEHHE!

dy dp
2p — —~ 4+ —]1=0
2r—v) (211 * 2p>

Ilonyunnm ypapHEHHE, PACIAIAIOIICECT HA YPAaBHEHHE, HE SBJISIOIICECH
b depeHInANbHBIM, U YPABHEHHE C DPA3Ae/ISIOIIMMUCH HEPEMEHHBIMHA.
Pemasg ux, saxomum

Y C
2 p==.
2’ Y

B pesysnbrate, penreHne UCXOIHOTO YPaBHEHHS MOJYIHM B BHJIE

p:

20 =1+2In|z|, y?=2Cz—ClnC.
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®.271. Pemurs ypapHeHIE
y = y/2 + 2y/3.

Jlanroe ypaBHEeHHE aBiseTca ypagHerneMm 2 tuna. O6osravas y = p, or
JAHHOTO YDAaBHEHHS TepeiiieM K KBUBAJEHTHON CHCTEMe

y=p*+2p°
dy = pdzx.

Haxomnm dy n3 nepBoro ypaBHEHHST CHCTEMBI U TIOACTABUM €r0 BO BTOPOE
yPaBHEHHE:
(2p + 6p”) dp = pdx,

SIBJISIFOIEECST YPABHEHUEM C PA3JIeIAINMMUCT nepeMenubivu. Pemras ero,
HalimeM
2
z=3p°+2p+C, p=0.

B pesynbrare, perneHusIMU HCXOJHOTO yPABHEHHH SABASOTCH (DYHKIUL
y = 0 u cemeiicTro (DYHKIMIA, 38JaHHBIX TAPAMETPUIECKH:

z=3p*+2p+C
y=2p° +p’.

@®.284. Pemurs ypapHeHue
y = xy/ o x2y'3.

JlanHoe ypaBHeHHe siBjsieTcs ypasHeHueM 2 tumna. Obosnadada iy’ = p, or
JIAHHOTO yPABHEHUS NepeiifeM K 9KBUBAJEHTHON CHCTEME

y = zp — 2°p?,
dy = pdx.

Haxonum dy w3 mepBoro ypaBHEHHS CHCTEMEL

dy = d(zp — 2%p®) = (zp — 2°p®), dz + (zp — 2*p°), dp =
= (p — 2zp®)dz + (z — 3z%p?) dp

¥ [OJICTABUM €0 BO BTOPOE€ ypaBHEHHUE

pdr = (p— 2xp®)de + (z — 32°p?) dp &
& x(-2p®dz + (1 — 3zp?) dp) = 0,
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PACIIaJA0IIEecd Ha ypaBHEHUE, He aBjsionieecsd auddepeHnualbabIM, U
ypaBHeHHe B nojiHbix guddepennnaiax. Pemas ux, Haxomamm

Lo OVl 1
P2 p?’

r=0.

B pesyabraTe, pereHusIMU HCXOTHOTO yPABHEHHS SBASIOTCH (DYHKIUL
y = 0 u cemeiicTro (DYHKIMIA, 38JaHHBIX TAPAMETPUIECKH:

1
2

3
s
S

y=axp— xp.

Sagaun 118 CAMOCTOSTEbHOTO pemterus: 259, 267, 270, 272, 283, 287.

9. ¥YpaBHeHHd, JOMYyCKAaOIIyUe ITIOHNYKEHNE ITOPsaaKa

HanmoMHuM, 94TO ypaBHEHHEM 7-I'0 HOPSIKa HA3bIBAeTCS 3allUCh BLJIE
F(m,y,y',...,y(")) =0, (9.1)

riie byukuua F onpejiesieHa U uMeeT HEIPEPhIBHbIE YaCTHBIE IPOU3BOIHBIE
B HEKOTOPOH obnactu GG, npuyem % Z0.

Pewenmem ypaBuenus (9.1) HaswbiBaerca (YHKIHMA ¥, 3a/laHHAas Ha
HEKOTOPOM MHTEpBaJjie [ M HMEoIIas Ha HEM HEllPEPbIBHBIE IPOU3BOIHBIE
BILIOTH JI0 7-I'0 HOPSIIKA BKIKYUTENLHO, 0OPAIIAIOIIA [IPH [10CTAHOBKE
cooTrommenne (9.1) B ToxknecTBO Ha wHTEpPBaNE I:

F(z,y(z),y' (@),...,y"(z)) =0, z eI

B HEKOTOPBIX CIIyYasx TOPIA0K yPABHEHHS MOXKHO TOHA3UTD, T. €. CBe-
CTHU PeIeHne NUCXOIHOTO YPAaBHEHUS K PeINeHHi0 HEKOTOPOrO ypaBHEHHS
MEHBIIEro Hopsiyika. MBI TOAPOOHO PACCMOTPUM TPU TAKUX CHTYAIIUU.

9.1. F He 3aBHCHUT OT ¥, T. €. yPABHEHHE UMEET BHI

F(z,o,y",...,y™) =0.

DOypxuua z(x) = y'(z) rorma ynosaersopser ypasHeruwoo (n — 1)-ro mo-
paaKa
F(z,z,7,...,z20 )y =0.
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Pemenna ucxomHoro ypaBHeHHS ¢ 3aTeM HAXOIATCS IyTEM HHTEIPHPOBA-
Hud Haligennpix QyHKIEHA 2. [Ipn 9T0M BazKHO He 3a0BITH TPUOABUTH MPO-
H3BOJIBHYIO TIOCTOSHHYTO.

Ecau F me sapucut ot 3/,...,y , TO MOXKHO Cpa3y HCIIOJIb30BAaTH
sameny z(z) = y*)(z). IIpu STOM MOPSIOK ypaBHEHHS MOHH3HTCS HA k.
Uckomas PyHKINS Y 3aT€M HAXOMUTCH OyTEeM k-KPATHOT'O HHTETPHPOBA-
HEs (IIPH KasKJI0M WHTETPUPOBAHAT MOSBIISETCS HOBasl TIPOU3BOJIbHASA 10~
cTogHHAA! ).

(k—1)

®.421. Pemmurs ypaerenue x2y" = y'2.
Ionoxum z(z) = y'(x). Torpa ypapHeHHE 3anumeTCs B BUIAE

OTo YpaBHEHHE C PA3AC/IAIOIIIMUCA IIEPEMCHHBIMH:

dz dac<:> 1 1 _
22 g2 z z T 1+ Cz

Bepraemca x byaxmum y:

IIpn C # 0 mmeem

_/ﬂ_i/ T
Y= 1¥cz— C 1+Ccz) ™~
1

1 ol
—C<wcln|1+0x|>+6.

IMpu C' = 0 noaygaem

9.2. ®ysguua I He 3aBucur or z:

Takoe ypaBHEHHE HA3BIBAETCH ABTOHOMHBIM.

ITycre pemenne y ompeseneto va waTepsate I, npmaem 3’ (z) #£ 0 npn
z € I. Torma pyHKINS ¢ CTPOro MOHOTOHHA M B3aHMHO-O/THOSHAYHO OTOO-
pazkaeT wHTepBaJ I Ha HeKOTOpLIH nHTepBaa J. B 9TOM ciiygae cymecTBy-
er equHcTBeHHAs dyHKUug p: J — R, yIoBaeTBOpSAIOMAS COOTHOIEHIIO

ply(x)) =v'(x), zel, (9-3)
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IPUIEM OHA UMEET HEMPEPBIBHBIE TIPOU3BOIHBIE BIWIOTH 10 (n — 1)-ro mo-
PAAKa BKJIIOYUTEIIBHO.
Juddepentupys coornomenne (9.3) mo x, momygaem:

P (y(@)-y'(x) =y" (2),

oTKyma, yunrsisas (9.3), mmeem

Huddepernnpys nosyaeHHOE COOTHONIEHNE, TOLY IHM

P (y(@)) ¥ (2) - p(y(2) + p'(y(2) - p'(y(2)) - ¥/ (2) =
=" (y(x)) - P*(y(@)) + p*(y(2)) - p(y(2)) = ¥ ().
IIponoszkad STOT HPOIECC, BEIPA3HM 3HAYCHNS HPOM3BOIHLIX (DYHKIHH ¥
yepes 3HAYEHHA (PYHKIAA p U ee IPOU3BOAHLIX, IIPIYeM B BEIPAKCHIE 115
y*)(z) Bxomar mpomssomasie dbyrxmun p 10 (k — 1)-ro mopsaxa.
IMoacrasngs mosydeHHble Bhipaxkenus B (9.2) u npunnumas y € J 3a
HOBYIO HE3aBUCHMYIO IEPEMEHHYI0, II0JyYuM ypasHenue (n—1)-ro nopsiika

F(y,p,p'p,...) =0.

JampHefiee 3aBUCAT OT TOTO, YIAETCS JIM HANTY (DYHKLWIO P K3 MOJLY I€H-
HOro ypaBHeHud siBHO. Ecau 910 ¢nenars yoaercs, T.e. €C/Ii B PE3YIIBTATE
pellleHns ypaBHEHUS I10JIyYaeM

p=py,Ci,...,Cr 1),

rie Cy, ..., ), 1 — IPOU3BOJBHBIE TIOCTOSHHBIE, TO HEU3BECTHAA (DYHKIHL
Y UIIETCs U3 yPABHEHUS C PA3JIeIsMIONMMUCH ePEMEHHbIMU (CM. IJ1. 3)

yl = p(yv Ch .. '7Cn71)‘

B npoTuBHOM ciy4ae AJ1d PeIIeHHs IOy 9eHHOI0 Y PABHEHIS HCIIOIb3YeTC s
MEeTON BBeJieHud mapamerpa (cM. . 8).

ObsiacTh onpe/ie/ieHns NPOU3BOJILHOIO pellleHnst y ypasHerus (9.2)
MOZKHO pa36HTh Ha IPOMEXYTKH TaK, YTO BHYTPH KarKIOIO IPOMEXKYT-
ka dbyarnEsg y mubo ymosieTsopser ycaosuio i (x) # 0, nubo mocToaHHA.
Ha npoMeskyTKax nepBoro TUIIA PEIIEHAE HAXOIUTCS METO/0M, OITUCAHHBIM
Bhile (IIPY 9TOM 3HAYEHMS PEIIEHHs B KOHIAX HPOMEXKYTKA OIPeIeIsIT-
cd eT0 3HAYeHHAMH BHYTPH, IIOCKOJIbKY PEIeHHe SBISeTCH HeNPepLIBHOM
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dbynxumeit). Pemernna suna y = C, tne € — mOCTOAHAAS, HY?KHO HCKATH
HeNOCPEeICTBEHHO U3 HCXOTHOTO yDABHEHU .

®.423. Pemmrs ypapmenne 3°y" = 1.

9o aBroroMHOe ypasHenue. Ilomoxum ' = p(y). Torma y" = p'p. dna
dyuxmu p = p(y) nonywaem ypaBHEHHE ¢ PA3JIEASIONMUAC TePEMEHHBI-
MH ,

y'rp=1pdp= d—i{c»p— e
Y 2 2y?

Bepremcs k dyuxuum y (2C Mb1 nepeobozraanau C):

1
Y

OTO0 ypaBHEHHE C Pa3Ae/ISIOIIIMUICH IePEMEHHBIMA:

iyidy_ / C’y -1 /d:l:<:>
C’y — C 2
& +/CyP2—1=Cz+C < Cy? —1:(C:v+C).

Hemnocpencreennoii mposepkoit y6exxmaeMmcsi, uro pemrenuit sumga y = C
HCXOIHOE YPABHEHHUE HE MMEET.

9.3. YpaBHeHue SBJseTCH OJHOPOIHBLIM OTHOCHTEILHO ¥,Y ... ,y("),
T.e. O0J1g Bcaroro A € R:

Flz, N, ..., ") =0e F(z,y,y ...,4™) =0.

B wacTHOCTH, 9TO YCI0BUE BBINOJIHEHO, eciu F' ABJIAeTCa 0THOPOTHBIM MHO-
FOYWICHOM OTHOCHTEBHO ¥, 3, .. ., y(").

ITycre pemenne y onpeneneno uHa uaTepsaje I, mpwaem y(z) # 0 npn
z € I. Homoxmm z(z) = y'(z)/y(x). Torma, muddepernupysa no x coor-
Howenue y' (z) = z(z)y(z), TOCIEAOBATENBHO TOLyIaeM

y' =2y +zy =y + Py =yt +7)
1

y IZyl(Z2+Z/)+y(2,ZZ/+Z”) —
=2y(Z2+2) +y(2z +2") =y(B + 322/ +2") mrp

Ormermm, uTo Bepazkenne misa &) mveer B v - ¢(2,. .., 25~ D). Tox-
CTaB/IsIs OJIy ICHHBIE BLIPAKEHIA B MCXOHOS YPABHEHHAE W ICIIOIL3Ys OJl-
HOPOAHOCTH F', mostyynM (HADOMHIM, 9TO Ha PACCMATPHBAEMOM HHTEDBAIIE
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y(z) # 0):

F(z,y,yz,9(z* +2),...) =0 &
Sy Flx,l,2,22+2,..)=0 F(z,1,2,2°+7,...) =0

Taxum 06pa30M, MBI OJIy9AIA yPaBHEHAE TOPsIKa (1 — 1) oTHOCHTETHHO
z.

Ecmu dbyHKINIO 2z yIaeTca BBIPa3UTh SBHO, TO Y 3aTeM HAXOAUTCH H3
ypasaenna y = yz < (Inly|)’ = 2. B nporusHOM ciyvae mcmosb3yercs
MEeTON BBeJieHud mapamerpa (cM. . 8).

O6racTh Ope ie/ieR s TPON3BOJILHOTO PEIIeHAs Y PACCMATPABASMOTO
yPaBHEHHS MOYKHO Pa3buTh Ha IPOMEXKYTKH TaK, 9TO BHYTPH KaiK/0rO
npomexyTka GyHKUud y aubo He obpamaercs B Hy/Ib, Jub0 paBHA Hy-
JIF0 TOXKIECTBEHHO. Ha mMpoMeKyTKax NepBOro THUITA PElleHHe HAXOMUTCH
METOIOM, OIHCAHHEIM Bhbime. Hanudume y ypaBHeHus perreans y = 0 mpo-
BEPSAETCA HEMOCPEICTEEHHO.

®.463. Pemmrs ypasmenue zyy” — xy'? = yy'.
DT0 ypaBHEHHe ABJISAETCH OJHOPOJHBLIMUA OTHOCUTEIBHO ¥, iy 1 3y’

z(\)Ay") —z(My)? = )W) © ayy” —xy? = yy'.

HMonoxmm z(z) = y'(z)/y(x). Torma ¥ = yz, ¥y’ = y'z +y2' = y(2* + 2')
W yPABHEHUE NMEPENHINETCH B BUIE

=0 =2/

(P4~ =ytr o (4 2) — 2z
[Mony4ennoe numeinoe OMHOPOAHOE YPABHEHHE OUYEBUIHO HMEET PEIIeHNE
z = x. Torma ero obmee pemenne naercsa gpopmynoi z = Cz.

Bepraemca x byuxumm y:

y'/y=Cz e (Inly|) =Cz < Inly| = C22 + C & y = G,

rne C # 0. HenocpecTBerHoit mposepkoii ybexnaemcs, uto y = 0 sBis-
©TCsl PEIICHHeM HCXOJHOTO YDABHEHU. Taxum obpazom, obiee perenue
maerca hopMmyIIoi y = CeC".

9.4. Tlopgnok ypaBHEHHSI MOXKHO TIOHH3WTh, €CJH €ro yAacTes
MPEJCTABUTh KAK IOJHYK IIPOM3BOJHYI) IO 2 KakoH-aub0o GyHKImM
®(z, 4,y ,...,y™ D). B sroM ciiydae ero peireHne CBOIATCH K PEIICHIEO
ypasrerua (n — 1)-ro nmopsaka

®(z,y,9,... ,y("_l)) =C.
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YT0o6bI mpeobpa3oBaTh ypPaBHEHHE K TAKOMY BHIY, BO3MOXKHO, MTOHATO0ONT-
CS YMHOXKATE WJIM JIEJINTH €ro Ha KaKue-To BbIpazkenud. [Ipu sroM nosesHo
OPMEHTHPOBATHLCA Ha cieayomue (1 nogobHbie) HhOpMyIIbL:

!
_ GNY k), (k+1) _ (1 (02
e (lnly I) yy (21/

/
y(FAD(m) g () (m+1) <y<k>y<m>>

/
(B gy (m) _ gy (k) (m+1) _ (y(k) )
y(m)? ylm)

®.455. Pemmrs ypasrenne yy'"’' + 3y'y" = 0.
[MeperpynnupyeM ciaraeMble CJIeLYIoIuM 06pa3oM:

Wy +4'y") +2'y" =0,
!

n zamernmM, ato yy'" +y'y" = (yy'') u 2y'y"’ = (?/2)

(yy” +y'2)/ =0.

Ianee, BBHIDaJKCHHE B CKODKAX €CTb CHOBa  IIPOM3BOIHAM:
vy + 92 = (yy')'. Takum obpasom, momygaem (yy')” = 0. Hcnmomn-
3ya coornomenue yy' = (1y?)’, oxoruareinHo noyaaem

(¥3)" =0 y? = C122 + Caz + Cs.

1,01

®.456. Pemurn ypasuenue y'y"' = 2y
SaMeTHM, 9TO eCJIu PasIeNnTh ypaBHeHne Ha ¥y, OHO mpeacTaBiaser
CoBOMH MOJIHYIO IPOU3BOLHYIO:
!
) =0&
1

= Z_ =CieMly))=Ciehly|=Cz+C &

"2

Y
] ?

" y//
Lo =2L e aly')) = (aly') = (ln

@ |2

!
&y = C2e"'® oy = Ce% 4 Cs.

Ilpn jpemenvm Ha ¥'y” Moram TOTEPATHCA pPEmIEHns, M KOTOPBIX
y' =0 y = Ciz + Co (oHE BKIIOYAIOT B ce64 T€ PEIIEHNS, I KOTOPBIX
y’' = 0). HemocpecTeerHas mpoBepKa MOKA3BIBAET, YTO BCe 9TH (DYHKIHUM
VIOBJIETBOPAIOT HCXOAHOMY YPABHEHUIO.

Sagaun IJI8 CaMOCTOATEbHOrO pemrenus:: 436, 437, 448, 458, 462, 465.
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10. JIuHeitHBIe OHOPOAHbIEC YPABHEHUS
C MOCTOsSIHHBIMU KO3 dbuimeHramMu

JInHeHHBIM OTHOPOAHBIM YPaBHEHHEM MOPSIIKA 1 C MOCTOAHHBIMUA KO-
s durmenTaMn Ha3bIBAETCS YPABHEHHAE BIIA

™ + a1y 4t an 1y +any =0, (10.1)

rae a;, ¢ = 1,...,n — nmeficteuTenbHble nOCTOAHEDBIE. Y pasHerno (10.1)
IOCTABUM B COOTBETCTBUE TAPAKMEPUCTIUMECKUT MHOTOUJICH

PN =A"4+a A" P+ dan 1A ta, (10.2)

n rapaxmepucmuyeckoe ypasaenue P(A\) = 0.
s pemenns ypasrerns (10.1) wamo:

1. Halitu kopHEH XapakTepucrTudeckoro muorodnena (10.2), ciens 3a
TeM, YTOOBI KOTUYECTBO MOJLYy 9€HHBIX KOPHEH € yIeTOM X KPATHOCTH
OBLIO PABHO MOPSIKY 9TOrO yPABHEHUS,;

2. Brimmcarns 4aCTHBIE PEIIEHUs, COOTBETCTBYIOINE KaXKIOMY KODHIO,
110 CJIEAYIOIINM ITpaBUJIaM:

e Kaxnomy meficTBUTENFHOMY KOPHIO A MHOTO4IeHa (10.2) Kpar-
Hoctu k > 1 coorBercrByroT k (byHKUUi

6A$7 xe>\$7 $2€Aw, L ,xk—lekz‘
o Kaxnoil mape KOMILIEKCHO-CONPSKEHHBIX KOPHeH A = a % b,
b #£ 0, xpatrHocru k > 1 coorBercrByoT 2k dyHKImii

e cosbz, e sinbr, e cosbx, xe®” sinbx,

2 2 ax

%€ cos bz, x?e*sinbz,. .., x" te®

k—leaz

cosbz, = sin bx.

Torma obmree pemenne ypasaernd (10.1) ecTs mponsBoNbHas muHeHAS
KOMOHHAINA BBIINCAHHEIX YACTHBIX PETEHUt Y1, Yo, - - - , Yn, T- €.

y=Ciyn +Coys+ ...+ Cryn, C; €R, i=1,...,n.

PaccMoTpuM HECKOTBKO TIPHMEPOB.

®.512. Pemurn ypapHeHIE
Yy’ + 4y +3y=0.
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BreinnmeM XapakKTEPUCTUYECKUH MHOTOYJIEH
PQA) =X +4x+3=(A+3)(A+1).
Urak, nmeeM KOpHU A\; = —3 B Ay = —1, KOTOPBIM COOTBETCTBYIOT YaCT-~

HBbIC€ PEIICHMNA
-z

p=e,p=ec
Taxum obpazom, obImee permenne nMeeT B
y = Cre % + Coe™".
®.515. Pemurn ypapaeHImE
— 4y’ + 5y =0.
BeummmeM xapakTepUCTHYECKOE yPABHEHHE

A2 4 +5=0.

Pemas ero, maxomum kOpHE A1 = 2 & 4. D70l mape KOMIIIEKCHO-
COLIPSIZKEHHBIX KOPHEN COOTBETCTBYIOT YACTHBIE PEIEeHUS

Y1 = e cosx, yp = e*Tsinz.
Takum obpazom, obImee pereHne uMeeT B
y = C1e*® cosz + Cre** sinz.
@®.520. Pemurs ypapaenue
v 44y =o0.
BrinuieM xapakTepucTHYECKOe yPaBHEHHAE
M4 4=0.

[Ipeobpasyem ero K Buay A = v/ —4. [oabsysacs dbopmymnoit i H3BIede-
HUS KOPHS CTEIIeHN 7 M3 KOMIUIEKCHOTO YHCJIA, MOJLYIUM

2 2
Am = {L/L_l<cos7r+47rk+sin7r+47rk),m:0,1,2,3:
Ay = ﬁ(cos%—i—sin%):\/_(i—i—zi):1+i,
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~141,

2
A3 = \/§<cos7j+sm7”) :ﬁ(?ﬂf) =1-—1i.

3 . 3
Al = \/§<COS4+SIH4)

I
=

~——
I

Ay = \/§<COSEZT+SiDEZr) —\/§<—

4
Taxum 0bpa3oM, mape KOMIUIEKCHO-COTPSIKEHHBIX KODHeH Ag3 = 1 ¢
COOTBETCTBYeT TMapa YacTHBIX pernenuit e” cosx, e®sina, a mape kopueit
A1,2 = —1+1 — nmapa 9acTHBIX pernennit e~ % cosz, e~ “sinz.

B pesynbrare, 0bmiee pemenne nMeer BHI

y=Cre*cosz + Cre”sinx + Cse™ cosz + Cre “ sinz.

®.524. Pemuts ypapHeHHE
¥ — 6y 9y = 0.
BeimumeM xapaKTepUCTHIECKUH MHOTOYJIEH
A6t 90 = 2302 — 6N +9) = A3 (A —3)2

Pemas nmocnennee ypaBaeHne, HaxomuM KOPHHE A1 23 = 0, A5 = 3.
Kopasam Aj 2.3 = 0 COOTBETCTBYIOT YaCTHBIEC PEITeHUs

y1=1, yp ==, y3 =a?,
a KODHSAM A4 5 = 3 — pelIeHUd
Ys = e3z, ys = 33€3z.
Taxum obpazom, obImee permenne nMeeT B

y = C1 + Coz + Cy2® 4+ C1e® + Csze3%.

Sagaun IjId CaMOCTOsTebHOTO pemteruns: 511, 515, 518, 519, 527, 528.
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11. JIuHeifHbIe HEOJHOPOAHBIE YPABHEHUS
C MOCTOsSIHHBIMU KO3 dbuimeHramMu

11.1. JTunedinvim HeodHOPOOHBIM YPABHEHUEM NOPAIKA 1. C NO-
cmosHHbimy KoadduuuerHmamu Ha3bIBaeTCS yPABHEHUE BUIA

y™ 4 a4 any Fany = f(2), (11.1)

e a;, ¢ = 1,...,n — meficTBUTEILHBIE TIOCTOAHHBIE, & [ — H3BECTHAs
HenpepbIiBHASA (DYHKINS, HA3BIBAEMAas MPABOH YaCTHI0 YDABHEHUS. Y PAB-
HeHue ¢ “oTOpoieHHoH” paBoil 9acThIO

y™ oy V4 tan 1y +ay=0 (11.2)

HA3BIBAETCA OJHOPOJHBIM yDABHEHHEM, COOTBETCTBYIOIIUM ypPaBHE-
Huo (11.1). Pacemorpenne ypasrenus (11.2) ofycioBiieHo Teopemoii o6
oBIIeM peIneHnn ITHHeAHOr0 HEOTHOPOAHOTO YPABHEHU: eCau Yy — obIee
perenne ypasHenmsa (11.2), a Y — wactroe pemenue ypasmernus (11.1),
TOo 00Iriee permenne y ypasHenus (11.1) maercs dopmystoi

y=yo+Y.

Meron HaxoxkmeHUS ¥y ONUCAH B Mpeablayiueii rmase. QcranoBuMmcs Ha
METO/IaX HAXOXKJAEHHS Y .

11.2. Memod neonpedeaernvir koapuuyuernmos

DTOT METOJ TPUMEHSIETCS B CILyYasiX, KOTIA [ HMeeT Clernua bHbIH BHI.

Has ypasrennii ¢ f(z) = Py, (z)e”, rae Py, (z) — MHOrOWIEH CTeneHn
M, YACTHOE PEelIeHne MOXKHO HAllTH B Bue

Y =2°Qn(z)e™,

rae @ (z) — MHOrOWNEH Toii K€ crenenn M. Yucno s = 0, ecnw ¢ HE ABIA-
eTCA KOPHEM XapaKTEPHCTHIECKOTO MHOTOUIeHa ypasHernd (11.2), a ecim
¢ — KOPEHb, TO § PABHO KPATHOCTH YTOrO KOPHHA. JaCTHBIME CJIyJasiMu
TaKol MpaBoil 4aCcTH ABJISIOTCA

fi(@) = Pn(z),  fa(z) = Ae,
KOTOPBIM COOTBETCTBYIOT YaCTHBIE PEITEHUS
Y1 =2°Qn(z), Yo=ze”.
g ypasrenuit ¢ mpaBoii 4aCTHIO
J(z) = e** (Py(x) cosbx + Q(z) sinbz),
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rie Py(z), @;(x) — muorOUwseHs! creneneii k m | COOTBETCTBEHHO, 9aCTHOE
peleHne MOXKeT OBITH HallleHO B BUIE

Y = 2°e*® (R, (x) cosbr + T, (z) sin bz),

rme s = 0, ecmu u = a + bi He gBIAETCH KOPHEM XapaKTEPHCTHIECKOTO
MHOTOYJIeHa ypasHerus (11.2), a ecam @ — KOpPeHb, TO $ PABHO KPATHOCTH
5TOrO KOpHHA, a m = max{k,l}.

YacTHbIME CIy9asMu TAKoH MpaBoil YaCcTH ABJIAIOTCH

fi(z) = Ae*cosbr, fa(r) = Be®"sinbz,
fa(z) = Acosbz+ Bsinbz, fi(z)=e** Py(z)cosbz,
f5(x) = e**Py(z)sinbz, fo(z) = Pi(z)cosbz + Q;(z) sin bz,

JJId KOTOPBIX YaCTHBIC PEIICHUA MOTYT OLITL Haﬁ,ILEHLI B BUJC

Yi(z) = 2°A1e*cosbz, Yo(zr)=x°B1e®sinbz,
Y3(z) = 2°(Ajcosbz + Bysinbz),

Yi(z) = 2°e*®(R,.(x)cosbr + T, (z)sinbz),
Ys(z) = 2°e*®(Ry(z)sinbz + T, (z) cosbz),
Yos(z) = a®(Rp(z)cosbz + T (z)sinbe).

ITocie Toro Kak ycTaHOBJIEH BHJ, PEIeHNsT, HAI0 HANTHU BCE €ro Heompeae-
JIEHHBIE KO3 (PUIMEHTHI. JTO MOKHO CACIATD, HOACTABIAS YACTHOE Pellie-
Hue B ypasaenue (11.1) u ucnosb3ys IMHERHYIO HE3aBUCUMOCTE (DYHKITHIA.

B page ciayvaes mepBoHawanbHO f(r) HE MMeeT CIENMANBHOTO BHJA,
HO MOXeT OBITh K HEMY MPWBEJCHA IYTEM PA3JIMYHBIX NpeobpaspBaHuii.
Paccmorpum 910 HA CIIEAYIONDIX TPABBIX YACTIX!

[a—y

f(z) = sin® bz =

— cos 2bzx,

l\DI»—t
l\D

f(z) = cos® bx = cos? bz cos bx = 1(1 + cos 2bx) cosbr =
= E + 1cos 2bx cosbxr = ! cos bz + 1 cos 2bz cosbx =

2 2 2 2
= % cos br + i(cos bx + cos 3bx) =

1 1 1 3 1
= icosbm—l— Zcosbm—l— ZcosSbm = Zcosbm—l— Zcosbe,
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2
flz) = sin* bar = (Sin2 535)2 = (; — %Cos 2bx> =

11 1, 11 1
—Z—icos%m—i—zcos 2b:1:—Z—§c052bm+§(1+cos4bx)—
1 1 1 1 3 1 1
—Z—ic052bm+§+§cos4bm:g—icos%a:—i—gcosélbx,

f(z) = (e*® 4 ) cos® bx = ® cos® ba 4 €°* cos® bx =
3 1 3 1
= e (Z cos bx + 708 3bx> + e (Z cosbx + 7 08 3bx> .
Paccmorpum mpuMepsr Ha IpUMeHEHNE METOA HEOIPENEJIEHHBIX Ko hu-

TIMEHTOB.
IIpumep 1. Pemuth ypapHEHIE

Y — oy — 2y = 422,

st sroro ypasaenus yp = Cre™® + Cae?®, f(z) = 4x2. Ucnomb3ys crie-
MEATLHLIN BHI MpaBoil YacTu, 6yIeM HCKaTh YacTHOEe PellleHue B BUIe

Y = AQ.T,‘2 + Az + Ap.

Taxum obpasoMm, Y/ = 245 + Aj,y" = 2A,. Honcrapidsa mosydeHHbIE
pe3yabTaThl B AuddepennnaIspHoe ypaBHCHHE, MOy M

245 — (24sx + A1) — 2(Asz® + Az + Ag) = 422,
(—2142)33‘2 + (—2A2 — 2A1)l‘ + (2A2 — A1 — 2.40) = 433‘2 + 0x + 0.

IIpupasauBas Ko3(HDUITMEHTH TPU PABHBIX CTEIEHSIX &, HOJIYIUM
—2A4,=4,-24, — 241 =0,24, — A} — 24, =0,
Ap=-3, 41 =2,4,=-2,
¥ YaCTHOE perneHne OyIeT UMeTh BHI,
Y = ~22* 4+ 2z - 3.
B pesysbrare, 3anumenm obliee pernenne Kak
y=yo+Y =Cre™® + Coe®™ — 222 + 22 — 3.
IIpumep 2. Pemmuts ypasreHne
y' —y -2y =e3".
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Il sroro ypapHeHus yo = Cre™* + Cye?*, f(z) = 3%, Ucnonbsya cre-
NMANBHLIA BII IpaBoil yacTu, 6yIeM UCKATh YaCTHOE PelleHue B BUIE

Y = A3,

Torma Y’ = 34e%*, Y = 9Ae>". Tloncrapias MOTydeHHLE PE3yILTATEL B
gubdepeHnUIBbHOE ypaBHEHHE, OYIeM HMETh

9A4e3® — 3A4e3 — 2463 = %%, 44> = %%,

OTKyZa ciemyer, uro A = i u o0IUee pereHne 3aIuneM KaK
—x 2z 1 3z
y=Cre "+ Cae™™ + Ze .

IIpumep 3. Pemuts ypapaeHIE
y' — 1y — 2y = sin 2z.

Js sroro ypaenenuss yp = Cre™* + Cye?*, f(x) = sin2z. Mcnonbaya
CrenuaTLHBI BI IpaBoii 4acTH, 6ymeM HUCKaTh YaCTHOE PEIleHHe B BUJE

Y = Asin2x + Bcos2x.
Torma Y/ = 2Acos2x — 2Bsin2z, YY" = —4Asin2x — 4B cos2z. Ilon-
CTaBJIAL HOJIY9eHHEIE PE3YILTATEH B Tud hepeHnnIbHoe ypaBaEeHne, OyaeM

HMETHb

(—4Asin 2z — 4B cos 2z) — (2A cos 2z — 2Bsin 2z —
—2(Asin 2z + Bcos 2z = sin 2z,
(—6A+2B)sin2z + (—6B — 2A)cos2z =1 -sin 2z + 0 - cos 2z

IIpupasuusas KO(DQDUITMEHTH IPU PABHBIX CTEIEHSIX X, HOJIYYUM
A _ —— B e -,
u o01mee perrenne OymeT UMETH BHI

3 1
y=Cre % 4 Che®® — 20 sin 2z + 20"
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11.3. Memod sapucuuu NPpous3eoibHBLL NOCTNOAHHDBLL
Yacrroe pemenne ypasrerus (11.1) moxkno HafiTu B BHe

Y =Cuyp +Coys + ... + Cryn,

TIE Yi,...,Yn — OA3MCHBIE DEIICHHS COOTBETCTBYIOIIETO OJHOPOIHOIO
ypasaenna (11.2), mo C1,Cq,...,C, yKe He KOHCTAHTHI, & HEM3BECTHBIE
dyHKIMU epeMeHHoOH T, T. €.

Y(z) = Cr(z)yi(z) + Co(2)y2(z) + ... + Cn(@)yn(2).

it roro urober matitu C;(xz),1 =1, ..., n, HeoGXOIEMO PEITUTH THHEAHYIO
cucreMy (IEPEMEHHYIO T BE3/Ie OILYCKAEM )

Cly1 +Chys + .. + Clyp = 0
qm+%%+m+q%=o

qﬁ"”+0<"”+ 40y =0
Cly™ 4 Oy 4 +O<nn_f

orHOocuTENpHO C UM 3aT€M NPOHHTETPHPOBATH MOJLY I€HHBIE PABEHCTRA JJI5
HaxoxkaeHns C;, OlycKasi BCe KOHCTAHTHL HHTEIPUPOBAHUA. DTO BO3MONK-
HO, TaK KaK UIIETCS TOJBKO OTHO 9aCTHOE PEIIEHHE.

st n = 2 3anmcaHHasg BHIOIE CHCTEMA OyIeT MMeTh BHI

C:’[ Y1 + Cé y2 =0
Ciy + Cays = f.
PaCCMOTpI/IM HpI/IMepr Ha HpI/IMeHeHI/Ie ITOTO MeTOﬂa.

IIpumep 4. Pemmuth ypapHEHIE

x

e
"o 23// ty=—.
x
Smece n = 2 u yg = Cre® + Caxe®. Ciie10BATEIBLHO,9aCTHOE PEIEHNE
OyIeM HCKaTb B BUIE
Y = Cy(x)e” 4+ Cox)ze”. (11.3)
VunteBag, uto y; = €%, yz = xe®, f(z) = %, MOJIy9IHM CHCTEMY IS

onpenenerns Cq(z), Ca2(x):
Ci(x)e* + Ch(z)ze® =0 o Ci(z) =
Ci(@)e + Chla)(e” + ze?) = )
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MozxHO B3ATB

Ci(z) = -z, Co(z)=In|z|.
IMoncrasaas natinennwie dyrxmuu B (11.3), momyamm

Y = —2ze® + ze®lIn|z|.
B pesysbraTe, 00uiee perenne nMeeT BU,
y=yo+Y =CF 4 Coze® — ze® 4+ ze”In|z|.
IIpumep 5. Pemurs ypaBHeHnE
2 + 4z = sin? 2¢.
DT0 ypaBHEHHE BTOPOTO TOPAIKA OTHOCHTENLHO L (1) ¢
xo = C1 cos 2t + Cy sin 2t. (11.4)

CJle10BATEIBHO, YaCTHOE PellleHre OYIeM HCKAaTh B BUJIE

X = C4(t) cos 2¢ + Ca(t) sin 2t.

VunTeiBas,aro z; = cos2t, o = sin2t, f(t) = sin® 2t, momyunm cucremy
s Haxoskrerns Cq(t), Ca(t):

Ci(t)cos2t + C4(t)sin2t =0
Cy(t)(~2sin 2t) + Ch()2 cos 2t = sin? 2t.

Pemaga ee, nosyunm
1 1
Ci(t) = —5 sin®2t,  Ch(t) = 3 sin” 2t cos 2t.

Taxum obpazom,

1 1 1
Ci(t) = —3 /sin3 2tdt = 7 608 2t — - cos® 2t,
17 1,
Co(t) = 5 [ sin 2t cos 2tdt = T 2t.

IMoncrasaas Hatinennse Gyukmua B (11.4), momyamm

_ (1 L o3 L. 3 9 —
X= (4 cos 2t T o 2t> cos2t+(ﬁ sin” 2¢) sin 2¢ =

1 1
=1 cos? 2t — E(COS4 2t —sin* 2t) =

1 1
=1 cos? 2t — - (cos? 2t — sin” 2t)(cos? 2t + sin® 2t) =

—1 2ot + ! in® 2t
= —s .
5 oS Thi
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B pesynbrare, obiiee pereHne mMeeT BHI,
1 1
z=x0+ X =Cico82t+ Coysin2t + G cos? 2t + 7 sin? 2¢.

11.4. IIpunuyun cynepnoduyuu
Ecsn npagas wacts ypasrerns (11.1) nmpeacrasmnsier coboit cymmy tu
MOXKeT OBITB IIpe/CTaB/IeHa B BUJE CyMMEL (DYHKIHH

f(@) = fi(@) + f2(2) + ...+ fi(a),

TO B KAYeCTBE YACTHOTO pereHns ypasHeHus (11.1) MoKHO B3aTE CyMMy
YACTHBIX PereHuii

Yi+Ye+...4+Y,

ypaBHEHHUI C TOH 2Ke JIeBoi YacThIO U IPaBbIMU YacTaMu [f1, fa,..., fp co-
OTBETCTBEHHO. DTOT (PAKT WHOTAA HA3BIBAKOT MPUHIIAIIOM CyIIEPIIO3UIHL.

IIpumep 6. Pemuts ypapaeHmE
Yy — 5y =3e" —2z+ 1.
O061uee pellleHre COOTBETCTEBYIOIIEr0 OJHOPOAHOIO yPABHEHHI HMEET BIL
yo = Cre°®.
IIpaBasa 4acTh JAHHOIO yPaBHEHHUS MOXKET OBITH MPEJACTABJIEHA B BUIE
J(@) = f1(z) + fa(2), tae fi(z) = 3€**, fo(x) = -2z +1.
Co0oTBeTCTBYIOIINE YACTHBIE PEIIeHN OYAYT UMETh B/
Y1 = Ae®, Yo = Bz + By.
Hana onpenenenna A, By, By nmogcrasum Y7, Yo B ypaBHeHHS
y' =5y =3e", y —by=—22+1
coorsercrBerHo. Hafinem

3 2 3
A:—f B = B = — .
1 0 25

4 ?
CorvracHO NPUHIMILY CYNEPHO3UINY, B KAUeCTBE YACTHOTO PEIIeHU HCXO/I-
HOro mudbepeHImanbHOrO ypaBHEHHST MOXKHO B3ATh

3 2 3
Yy = — 2yt 2
Yi+Y, ¢ +5m 25
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a obiree perenne 6yIeT UMETh BHI,

3 2 3
=C 502 Y =z S =
y=Gem T e 5T 5
IIpumep 7. Pemuth ypapHEHIE
Y — by = z?e” — xe®®.

O061ee pellleHre COOTBETCTEYIOIIEr0 OAHOPOAHOIO yPABHEHHS €CTh
yo = Cre°®.
IIpaBas 9acTh JAHHOrO ypaBHEHHS MOXKET OBIThL MPEACTABICHA B BUJIE
(@) = fi(@) + fa(z), tae fi(z) = 2%e%, fo(z) = 2°*.
Co0TBeTCTBYIONIUE YaCTHLIE PEIIeHns OYAYT UMETh B/
Y7 = e®(Agz® + A1z + Ag), Yo = 25 (B1z + By) = ¢°*(B12? + Box).

st onpenenennsa As, Ay, Ay, By, Bg noacrasuMm Yy, Yo B ypaBHEeHHS

y/ *51/ :I2€z, yl *51/ — _:L,GSz

coorsercrBerHo. Hafinem

1 1 1 1
Ay=—7, Ai=—2, Ado=—. Bi=—2, By=0.

COrjacHO NPUHLIKILY CYIEPIO3UINH, B KAUECTBE YACTHOI'O PEIEHMS HCXO/T-
HOro mudbepeHImanbHOrO ypaBHEHHST MOXKHO B3ATh

1 1 1 1
Y = 1/1 +Y72 = em(—sz — gx— 3—2) — 51‘265””,

u obiiee pemenne 6ymeT

1 1 1 1
_ 5x zf{ _~-,2_ —-.._ ~ .25z
y=C1e’" t+e ( 4x 893 32) 296 e°”.
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11.5. Badauwa Kowu

3amata HAXOXK/IEHHST CpPeJId MHOXKECTBA BCEX BO3MOXKHBIX perreHuit
ypasHenng (11.1) pemenust, yI0BIETBOPSIOMIErO CAEAYVIOMEN cuCTEME Ha-
YaJIbHbIX YCJIOBUIA:

y(mg) = Yo,
y'(wo) = o,
yn_2(x0) = yg_2v

yn—l(xo) = y(7]1717
GyzeM HaswBaTh 33nadeii Komm nois ypasaenna (11.1).

IIpumep 8. Pemurs 3amaay Komn
v~y —2y=42 y(0) =1, y'(0) = 4.

Obmee perrenne JAHHOTO AUpPEPeHITIAILHOTO YPABHEHNS, HAMIeHHOE B
npumepe 1, ecTs

y=Cie ® 4+ Cye®® — 222 + 22 — 3.

Torxa
y' = —Cre™® 4+ 202e*® — 4z + 2.

Wcnonp3ys naHHBIE HAYAIBHBIE YCIIOBUSI, IOJIYIHM
y(0) = Cre™ @ 4+ 205e*@ —2(0)2+2(0) —3=1< C, + C, = 4,
¥ (0) = —Cre™ @ £ 20,e*0 —4(0)+2=4 —C, + Cy =2.
Pemrag nonyuennyio qua C, Co cucremy ypaBhemwuii, Halimem
Ci=2, Cp=2.

IloacraBnaa HaligeHHble 3HAYCHUA B 00OIlee peleHne, MOJIyInM PEIeHTe
sagaqu Komn
y=2e"% 4+ 2e** — 222 + 22 — 3.

IIpumep 9. Pemnts 3amaay Kormu
x" + 4z = sin® 2t, 2(0) = 0, 2/(0) = 0.

Ob6iuee pemenne paauoro audepeHNuaJIbHONO yPaBHEHUS, HaliJIEeHHOE B
npumepe 5, eCcThb

1 1
x = Cqcos 2t + Cosin 2t + G cos? 2t + 1z sin? 2¢.
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Torxa
1
2’ = —=2C; sin 2t + 2C5 cos 2t — 3 cos 9t sin 2t.
Vcronmp3ys JaHHbIE HAYAJBHBIE YCIOBHSI, OJLY<IHM

1 1
$(0)—Cl+6—0, Cl——é,

l’l(O) = 202 = 0, CQ =0.

IMoncrapnasa naiinennnie 3Hadenus C'+1 u Cy B 001Iee pellienne, MOy IUM
pemenne 3anaau Komm

_ ! 2t + 122t+1 in? 2t
xXr = 6COS cos 128111 .

IIpumep 10. Pemurs 3anaay Komu

x

€
y' —y -2y = - y(1) =0, y'(1) =1.

Obuiee perenne JaHHOrO MU HEPEHITNANTBHOTO YPABHEHUsI, HalIEHHOE B
npumMepe 4, ecThb

y = Cre® + Csze® + ze®*In 2|, C5 =Cy — 1.
Torxa
y = Cie® + Cse” + C3ze” + e In |z| + ze® In|z| + €*.
Ucnone3ysa JaHHBIE HAYAIbHBIE YCJIOBHSL, OJLYIHM
y(1)=Cre! +C5-1-et +1-e'lnl =0« Cre+ Cze =0,

y'(l):Clel—i—Cgel+elln1+1-elln1+el:1<:>Cle+2C’36:1—e.

Pemas nonyvennyio qua C1 u C3 cucremMy ypaBHeHUH, HAXOIIM

e—2
Pt

IMopcrasnaa HaliZleHHble 3HAYCHUSA B OBIee PEIeHne, MOLYINM PEIeHne
3aauu Komn
y=e""Ye—-1)(1 —z)+ 2 In|z|.

Samaau 0JIs1 caMocToATEIbHOrO perenns: 533, 535, 537, 539, 546, 578.
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12. JIuHelfHBIE OHOPOAHBIE CUCTEMBDI
C MOCTOsSIHHBIMU KO3 dbuimeHramMu

Cucrema mudbepeHIMaabHBIX YPaBHEHUN BUIa

!

' = azx + by
Y =cz +dy,

roe a,b,c,d — 3anaHABIE MEHCTBUTEILHBIE YMCIA, HA3BIBACTCA JTUHEHHOM
OJTHOPOAHOH CHCTeMOl BTOPOTO MOPSIKa C MOCTOAHHBIMEA KO UITHEHTA-
M.

Mapy pymxmmit z = z(¢),y = y(t), onpenesennbx Ha waTEpBaJe I,
HA3BIBAIOT PENICHAEM TaKOH CHCTEMBI, €CJIM IIPH UX IIO/ICTAHOBKE 004 ypaB-
HEHHUS CHCTEMBI TPEBPAIIAIOTCH B TOXKJICCTBA Ha, .

Jlas pellleHMsl 3TUX CHCTeM OyZeM HCIIOJIb30BaTh METOJ| MCKJIOYeHus
Hens3BeCTHRIX. OH MO3BOJISET CBECTH CHCTEMY IU((pepeHITNANbHBIX YPaB-
HeHutt K mudpepeHuaILHOMY YPABHEHHIO BTOPOTO MOPAJKA. JTO HPOHC-
XOIAT IIyTeM BHIPasKCHWS ONHOM M3 HeW3BeCTHHIX (DYHKIMI M3 OIHOTO U3
ypasHeHuil cucremer (Haupumep, x(f) H3 BTOPOTO yPABHEHHS) W MOJCTa-
HOBKH B OCTaBIlleecs ypaBHeHHe. Pelnas nodydeHHOe ypaBHEHUE, HAXOIHM
BTODYIO U3 AByX uckoMblx (byukumit (y(t)). Jus noiaydeHus mepBoi uc-
komoit pyrkumm (z(t)) HyKHO BEDHYTHCA K YPABHEHHIO, KOTOPOE BBLIO
HCIIOIb30BAHO JIJI €€ HOACTAHOBKH.

B sToil u cnemyiomeil rmasax Bce MPOM3BOAHBIC GEPYTCH MO HEPEMEH-
HOH .

®.786. Pemurnb cucremy ypaBHeHU

¥ =2zx+y
y =3z + 4y.

U3 nepsoro ypaBHeHHsl CHCTEMBL BbIDasKaeM
!
y=2x — 2z,
[OJICTABJIAEM BO BTODOE YPABHEHHE CHCTEMBL H HOJIydaeM
(' —2z) =3z +4(2' — 2z) & 2" — 62’ + bz = 0.

Ilony4nnn nuseiiHOe OIHOPOIHOE yPABHEHHUE C MOCTOSHHBIMUA KODDUI-
enTamu. Pemras ero no ajaropurmy, OIMCAHHOMY B IpeIbLAyIUEl TIIaBe, Mo-
Jy4auM ob1nee perieHne

z = Che' + Cae.
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3aTeM HaxOauM

Yy = (Clet + CQ@St)I — 2(Clet + CQGSt) =
= Clet + 502€5t — QClet — 202€5t = —C1€t + 302€5t.

Takum obpazom, ob1mee pereHne CUCTEMBL €CTh
T = Clet + CQESt, Yy = —C1€t + 302€5t.
®.789. Pemmurs cucremy ypasHeHui

' =1z+y,
y =3y — 2.

U3 neproro ypaBHEHHs CHCTEMEI BEIDAZKAeM
!
y=x —x,
[OJICTABJIAEM BO BTOPOE YPABHEHHE CHCTEMBL H HOJLydaeM
(@' —z) =32 —z) -2z & 2" — 42’ + 5z = 0.

Ilonyannn nuHeliioe 0AHOPOIHOE YPABHEHHE C MOCTOSHHBIMEA KO3hduIm-
enTamu. Pemras ero mno ajJropurmy, OIIMCAHHOMY B IpedbLAYyIIEl riiase, mo-
JiyauM oDImee peresue

x = e*(Cy cost + Cysint).
3aTeM HaxoauM
y = (e**(Cycost + Cysint) — e (Cy cost — Cysint) =
=2C1e* cost — Coe?t sint +

+2C5¢% sint + Coe? cost — Cre® cost — Coe® sint =
= *((Cy + Cy) cost + (Cy — Cy)sint).

Taxum obpazom, obImee permeHne CUCTEMBI €CTh

z = e*(Cycost + Cysint),y = e*((Cy + Cz) cost + (Cy — Cy ) sint).

®.791. Pemmurs cucremy ypasHeHui

{m':—m-Sy
!

Y =z+y.
58



W3 nepBoro ypaBHEHHS CHCTEMBI BBIDAXKAEM T = 3’ — ¥/, TIOICTABISIEM BO
BTOPO€ yPaBHEHHUE CUCTEMBI H II0JIydaeM

W -y +y—y+5y=0,y"—y' +y +4y=0,9y"+4y=0.

Ilonyunm nuHelHOE OMHOPOOHOE YPABHEHHE C IOCTOSHHBIMH KO(DhuIm-
entamu. Pemrag ero mo ajropurmy, OIMCcaHHOMY B IpeAbLAyiieil rnase, mo-
JiyauM oDImee peresue

y = Cq cos 2t + (g sin 2t.
3aTeM HaxOauM
x = (Cy cos 2t + Cysin 2t) — C; cos 2t — Co sin 2t =
= —2C:sin2t + 2Cy cos 2t — Cy cos 2t — Cysin2t =
= (2C5 — C4y) cos 2t — (2C; + C5)sin 2t.
Takum obpazoM 0bImee pereHne CHCTEMBI OyaeT HMETh BII
x = (2Cy — Cy)cos 2t — (2C + Cs) sin 2t, y = Cy cos 2t + Ca sin 2¢.
®.793. Pemmurn cucremy ypaBHEHHII
{ 2 =3z—y
y =4z —y.
U3 nepBoro ypaBHEHHS CHCTEMBI BBIPAZKAEM
y =3z -,
MOZICTABNIAEM BO BTOPOE YPABHEHHE CHCTEMBI M TIOJLy9aeM
Bz—2")=4drx-3z+2" o3 —2"=x+2" 2" -2 +zx=0.

Ilonyannn nuHeliioe 0AHOPOIHOE YPABHEHHE C MOCTOSHHBIMEA KO3hduIm-
enTamu. Pemras ero mno ajJropurmy, OIIMCAHHOMY B IpedbLAYyIIEl riiase, mo-
JiyauM oDImee peresue

X = Clet + Cgtet.

3aTeM HaxOauM
y = 3C €' + 3Cste! — (Cret + Cotet)’
= 3C1e" + 3C,te! — Cret — Cael — Cote! = (20 + Cy)et.
Taxum 06pasoM, obiee pereHne CUCTEMEL €CTh
= (C1 + Cat)el,y = (2C1 + Cy)e'.
Samaau OJI1 CaMOCTOATEIbHOTO pererns: 7388, 789, 790, 793, 794, 795.

I
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13. JIuHeitHbIe HEOJHOPOAHBbIE CUCTEMBbI
C MOCTOsSIHHBIMU KO3 dbuimeHramMu

Cucrema

~

~

2 = azx + by + fu(0)
Yy =cx+dy + falt),

rae a,b,c,d — 3amaHHbIE JeHCTBUTEILHBIE YHCTa, 8 f1, fo — 33IaHHbBIE
HepephIBHBbIC (DYHKUIME, HA3LIBACTCS JTUHEHHOW HEOIHOPOSHON CHCTEeMOMH
BTOPOrO MOPSIIKA C HOCTOSHHBIME KO(bpuImenTamu.

IlorsaTue penreHnst 9TOH CHCTEMBI M METO[ €€ PEIIEHUs] IO CYMIECTBY
ONMCAHBL B TPeablAyinedt riase. OTiaHdue OT PacCKa3aHHOIO 3aKJIH0YaeT-
Cd JININb B TOM, YTO CHCTEMA OYIET TernepPb CBOIUTHCH K HEOTHOPOIHOMY
YPaBHEHMUIO.

IIpumep 1. Pemuth cucremy ypapHenuit

=y
Yy =2z + y + 4¢%.

Bhlpakas y U3 II€PBOr0 YPaBHEHHA CHCTEMBI M IIOJCTABJISS BO BTODPOE,
HOJIY 9HM
2 — 2 — 2x = 4%

Hanroe ypapaenue perrero B npumepe 1 rir. 11, u ero obimee perneHne ecThb
z=Cre t+ Che?® — 2t 42t — 3.

st HaX0XKJIeHU Y JOCTATOIHO TPOand(EePEHITTPOBATE MOy YeHHOE IJI
T BBIpaXKEHUE
y=a' =—Cre " +202€% — 4t + 2.

B pesysbrare, Haxomum napy dyHKImiA
z=Cre 4+ Coe® — 22+ 2t — 3, y=—Cre " +202€% — 4t + 2,

SABJISIFOIILYIOCST OBIIIUM PeIeHHEM MCXONHON CHCTEMBL.

IIpumep 2. Pemmuts cucremy ypasuenuit

=y t
Y =-z+2y+ <.

Bpra>Ka51 Y U3 IIEPBOr'0 YpaBHEHHA CHCTEMBI U IIOJACTaBJIASA BO BTOPOE,

IIOJIy UM
t

e
2 =2 +x= -
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Hannoe ypapaenue perrero B npumepe 4 rir. 11, u ero obimee perneHne ecThb
z = Cre' + Caote' —te' +te'Int|.

st HaX0XKJIeHU Y JOCTATOIHO TPOand(EePEHITTPOBATE MOy YeHHOE IJI
T BBIpaXKEHUE

y=Cie' + Co(l1+t)e' + (Int| + (In|¢| — 1)t)e".
B pesysbrare, Haxomum napy dyHKImiA

x = Cie' +Cate' —tet +tetIn|t,
= Cie' +Co(1+t)e' + (Int| + (In [¢| — 1)t)e,

SABJISIOINYEOCS OOIIUM pereHneM HCXOXHONR CHCTEMBL.
Sagavun IjI8 CAaMOCTOSATEJbHOrO pemrenus:: 826, 827, 828, 829, 830, 846.
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